(Partial Differential Equation)

B0l YHA
. ME
Hil2 g&8AM9 &
AADSHHA I el FSEe= HOISSHEA: 2 X3 2 H 2A8 A
0%u 0%u 0%u ou ou
a—+b tc—+d—+e—+fut+tg=0
Ox oxdy 0Oy ox Oy
® b’-4ac >0 < [: Hyperbolic Partial Differential Equation
1 X3 s 2$aEA
0’u B 0’u 0
ox® oy’
® b’-4ac =0 2 [{: Parabolic Partial Differential Equation
1 X3 2o SEE A
ou 82u_
ot oOx’
® b’-4ac <0 ¥ [H: Elliptic Partial Differential Equation
2 X Laplace A Al (RH0] 00| OILIH Poisson & Al
0’u 82u_0
ox® oy’
2410 BAHEAHAS 0|=6+0H oA St

|
2 ZAHH "H)

SR
(ﬂ =
II)

o

ou
a—-+ fu=
on
® =0, f=0:Dirichlet Z2A (FHHOMA uIt =0&)
® =0, =0:Neumann &2 (BHHUAM u2 HOIZ0l =0

® «=+0, B+0:Cauchy =4
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2. Finite Difference Methods for Elliptic Problems

2

ou
Viu(x,y)=— P (x y)+ (x ¥)=1(x,%) onR={(x.y)| a<x<b, c<y<d}

with u(x,y) = g(x,y) for (x,y) € S where S denotes the boundary pf R.

yi
ym:d,..r.
ot o
2 AL
k e w
y{J:Ll__
t I I i } | >
Xo=ax; x X hbx b=x, x

xi =a+ih and y; =c+.jk

0%u u(Xit1, ¥;) — 2u(xi, y;) +ulxi-1, y;)  h* d%u

@(Ii,y}-): SELES, 13 ! / _E@@"’yﬂ
0%u _u(x, yivr) — 2u(xi, yi) Fuxi, yi-1) k* 9%u i
ayz{xfryj)_ kz 128 4( lan_f

u(xis1, yj) — 2u(xi, y;) + u(xi1, y;)  u(xi, yiv1) — 2u(xi, y;) + ulx, yj-1)
hz 2 kz
2 54, 2 54,

12 3x ar G+ 12 9y*

2 e
2 (E) a= 1L s = g s g 1 = (_k-) (Wi j1 + Wi j-1) = —h* f (i, y7)

foreachi=1,2,...,n—1and j=1,2,...,m—1, and

= fixi J’;}+ ( Xi, ?}';)

wo;j = &(X0, ¥5),  Wnj = g(Xn, ¥;), Wip = g(xi, ¥o), and Wiy = g(Xi, ym)
foreachi =1,2,....,n—1and j =0, 1, ..., m, where w;; approximates 1 (x;, ¥

= (n=1)x(m-1) by (n—1) x (m—1) linear equation system
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Example)

Consider the problem of determining the steady-state heat distribution in a thin square
metal plate 0.5 meters on a side. Two adjacent boundaries are held at 0°C, and the heat on
the other boundaries increases linearly from 0°C at one corner to 100°C where the sides
meet. If we place the sides with the zero boundary conditions along the x- and y-axes, the
problem is expressed as

9%u 8%u

@(x, )k B_yz(xa y) =0,
for (x,y)intheset R = {(x,y) | 0 < x < 0.5; 0 < y < 0.5}, with the boundary
conditions

u@,y) =0, u(x,00=0, u(x,0.5) =200x, u(0.5,y)=200y.

411-’&; — Wi, — Wi—1,j — Wi j—1 — Wi j+1 = 0,

Y i
u(x, 0.5) = 200x
0.5
Bioib s
P P =
u(©,y) =0 w05, 5) = 200y
Py Py Py
ux,0)=0 0.5 2
Pi: 4w — wy — wy = wo 3 + Wi 4,
Ps: 4wy — w3 — W — Ws = W4,
Ps: 4wz — wy — we = w3 + W4,
Py 4wy — ws — wy — w7 = w2,

P5: 4w5—w6—w4-—wg—w3:0,

P{,: 4w5 — Ws — W3 — Wg = W43,
2 4w, — wg — wy = wo,1 + Wi,0,
Pgi 4IU3 — Wy — Wy — W5 = Wy,
Py: dwe — wg — we = w30 + Wa 1,

w;={18.75, 37.50, 56.25, 12.50, 25.00, 37.50, 6.25, 12.50, 18.75}
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3. Finite Difference Methods for Parabolic Problems
® Heat or diffusion equation

0’u
— (=0 —(x,1) for 0<x</ and >0
ot ox

subject to the condition
N0, =u(/,H=0 for >0
ux,0) = Ax) for 0 < x</

set x; = /4dx fori=0,1,2, -, m
L =jAt forj=0,1,2, -

au M(Xi,tj +At)_u(xiatj) At 6214
—(x.,t.)= -= U
Py (x;,2;) Ar > o (o, 44;)
82u u(xi+Ax9t')_2u(xiat')+u(xi_Axat') sz 641/1
_z(xﬂtj): ’ 2/ —— 4(§i9tj)
ox Ax 12 ox
Wi Wi _ Wi, _2wi,j Wi,
At Ax’
oAt a At a At
Wi =W, +Ax2 (Wi+1,j _2Wi,j +Wi1,j):(l_2 Ay J Wt A2 (Wi+1,j +Wi—1,j)
= 2000 (FETERPRRIRY e
Ry (b =2xy o K
A= {‘}'-_‘:-'-.H ‘.'*.'_.-"‘__ .'U
. L e, T 5 '.}b
Qrvvvvmmmnennnst 0271 aht
& . ;Lzsz

w = (Flp)af ). o flrma))

w = (wy), waj, ..., Wm,;)'s foreachj=1,2,...,

w = AwY—D  for each j=12. ..

= Forward Difference Method (Explicit Method)
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Example 1) Consider the heat equation

ou 0’u
E(XJ) =¥(x,f) for 0< x< 1
With boundary and initial conditions

0,0 = /) =0 for t>0

U x,0) = sin(zx) for 0 < x <1

_7[2 .
Exact solution is u(x,t) =e "' sinmx
Using FDM 1) with Ax = 0.1 and At = 0.0005

2) with Ax = 0.1 and At = 0.01

and

t>0

(A = 0.05)
A=1)

Wi 1000 Wi s0
X; H(If, 0.5} k = 0.0005 !u(x;, 0.5} - Wj’lmul k=0.01 IH(I,—, 0.5) - W,',_q][
00 0 0 0
0.1  0.00222241 0.00228652 6.411 x 1073 8.19876 x 107 8.199 x 107
0.2 0.00422728  0.00434922 1.219 x 104 —1.55719 x 10® 1.557 x 108
0.3 0.00581836 0.00598619 1.678 x 10+ 2.13833 x 10° 2.138 x 108
0.4 0.00683989 0.00703719 1.973 x 10~* —2.50642 x 10° 2.506 x 108
0.5 0.00719188 0.00739934 2.075 x 107# 2.62685 x 10°% 2.627 x 10®
0.6 0.00683989 0.00703719 1.973 x 10~ —2.49015 x 10® 2.490 x 108
0.7 0.00581836 0.00598619 1.678 x 10~* 2.11200 x 10® 2.112 x 108
0.8 0.00422728 0.00434922 1.219 x 10~* —1.53086 x 10° 1.531 x 108
0.9 0.00222241 0.00228652 6.511 x 1073 8.03604 x 107 8.036 x 107
10 0 0 0
aAt 1
~. Stability condition of explicit method: Ax2 < 5
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® To obtain a more stable method, an implicit method is used.

Gu u(xi,tj)—u(xi,tj _At) At 6214
- (X)) = += X M
at( »l) At 2 atz( “)
Wi,j - wi,j—l _ Wi+1,j _2Wi,j + Wi—l,j

At Ax?

oAt alt
(1+2Ax j Wi _E(W CEWL ) =W,

2 i+l,j

set 4=
BT P R R Lo EO R e ey L E
N : Wy j wy, j—-1
N o Waj wy j—1
0. -0 =
SRR ey
: e '*_ _wng—[1j_ _uJ‘m—l,j—l_
e g 0 € Lo S o 0 —A (1+24)

Example 2) Solve the same equation as in Example 1 using an implicit
method with Ax = 0.1 and At=0.01 (A =1)

X; Wis0 u(x;, 0.5) [wiso — u(xi, 0.5)]
0.0 0 0

0.1 0.00289802 0.00222241 6.756 x 10~
0.2 0.00551236 0.00422728 1.285 x 1073
0.3 0.00758711 0.00581836 1.769 x 1073
0.4 0.00891918 0.00683989 2.079 x 1073
0.5 0.00937818 0.00719188 2.186 x 10~
0.6 0.00891918 0.00683989 2.079 x 1073
0.7 0.00758711 0.00581836 1.769 x 1073
0.8 0.00551236 0.00422728 1.285 % 1073
0.9 0.00289802 0.00222241 6.756 x 107*
1.0 0 0
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® To make the error of order O(At>+ Ax?), by averaging the Forward—

and Backward—-Difference Methods.

Wi,j+1 - Wi,j —a Wi+1,j _2Wi,j + Wi—l,j
At Ax?
Wi = Wi _ Wi, _2Wi,j+1 Wi
At Ax?
Wijn “Wij _ | Wi m —=2W, W N Wi —2W, W
At 2 Ax? Ax?
AwlUTD — pwl)
Crank—Nicolson Method
[ 7 Sl - e e e e — =1
(1+)&.}‘ 2 0 O (1 _)L) )_i Qrrvrrrrmmrrnenns 0
ShN . PO ’ :
2- & 3. ;
0. : 0. ; 5
4
; ) z =0
: A : LI ¢
: g : i L
E Qrrrrvrreremrenens _% (l-i—l)_ i 0 ................. 0 % (1__1)-

Example 3) Solve the same equation as in Example 1 using a
Crank—Nicolson method with Ax = 0.1 and At =0.01 (A= 1)

X; Wisn u(x;, 0.5) [wiso — u(x;, 0.5)]
0.0 0 0

0.1 0.00230512 0.00222241 8.271 x 1073
0.2 0.00438461 0.00422728 15573 5107
0.3 0.00603489 0.00581836 2.165 x 1074
0.4 0.00709444 0.00683989 2.546 x 107*
0.5 0.00745954 0.00719188 2.677 x 10~*
0.6 0.00709444 0.00683989 2.546 x 10~*
0.7 0.00603489 0.00581836 2.165 x 10~*
0.8 0.00438461 0.00422728 1573 x 10~
0.9 0.00230512 0.00222241 8.271 x 10~3

0

1.0

0
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4. Finite Difference Methods for Hyperbolic Problems
® \Wave equation

—(x,t)=c y(xaf) for 0<x</ and >0

subject to the conditions
u(0,d =u(/H =0 for t>0
u(x,0) = f(x) and adu(x,0)/at = g(x) for 0 < x</

set X =/4dx fori=0,1,2, -, m
L=jAt forj=0,1,2, -
o’u B u(xl.,tj +At)—2u(xi,tj)+u(xi,tj —At)  Af? 8*u
e el = AL T2 o et
o%u Culx At ) = 2uxg, ) +ulx, — At Ax? 0tu
Tt i) = Ax T e )
Wi s _2Wi,j Wi _c? Wi, _2wi,j Wi,
At* Ax?
24,2
_ 2 2 , CAt
Wi = 2(0-4 )Wi,j +A (Wi+1,j +Wi—1,j)_wi,j—1, A= Ax’

This equation holds for each i = 1,2,...,(m — 1) and j = 1, 2,.... The boundary
conditions give

Woj = Wmj =0, foreach j =1,2,3,...,
and the initial condition implies that

wy = f(x;), foreachi =1,2,...,m—1.

'2(1 S lz) 22 0:‘.. ......... O
Wi, j+1 A2 2(1—22) e e Wy, w1
W2, j+1 5 e i i & [') w2, j w2, j-1
: G
W1, j+1 . A W1, j Whp-1,j-1
Qi Sade i s 0 A2 201 —?)
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® A small problem arises when computing values for j=1 because
information at j=—1 is necessary.

l]+1 = 2(1 ﬂ'z)w + ﬂ“z (WH-IJ l 1/) W

u values at j=—1 (t=—At) can be estimated without losing accuracy as
follows:

ou u(x.,t,)—u(x,,t) At* 8’u
- ~,0 — i2"1 i 1 _ ” — '
(xl ) 2At 6 8t3 (xl ILIO) g(‘xz)

Wit =W — 2At - g(x;)

W =200=2)f () + A () + f(x)) = (w, =242 g(x,)

2

= (- iz)f(X)+—f(xm)+ 5/ (i) +AL-g(x)

=12 Ml =2 €52 HH HAtotL, j =2 £H iteration.
Perform the calculation separately when j = 1, then do the iteration
from | = 2.
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Example 4)

Consider the hyperbolic problem
0%u 3%u
—x,t)—4—(x,H =0, for0<x<1 and 0 <1,
a2 1) sz( )

with boundary conditions
w0, =u(l,t)=0, for0<t,

and initial conditions

u(x,0) =2sin(3zx), 0<x<1, and i—l:(x, 0) = =12sin(2nx), for0<x <1

Find the solution at t = 1
Exact solution:

3
u(x, 1) = 2cos(6mt) sin(3wx) — — sin(dm¢) sin(2m x).
T

Using FOM with Ax = 0.1 and At=0.05 (. = 1)

Xi Wi 20

0.0 0.0000000000
0.1 1.618033989
0.2 1.902113033
0.3 0.618033989
0.4 —1.175570505
0.5 —2.0000000000
0.6 —1.175570505
0.7 0.618033989
0.8 1.902113033
0.9 1.618033989
1.0 0.0000000000
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Problem) Consider injection of an alloying element B in a metallic matrix A. The
initial composition of B in A is 0.01. Injection is carried out by
maintaining the surface composition of B to be 0.05. The diffusion
coefficient of B in A is 4.529x1077 exp[-147723(J)/RT] (m?/s). The
injection temperature is between 1173K and 1473K. Injection distance is
defined to be the distance from the surface of a point where the
composition of B is half of the target value (0.03). Perform the
followings:

(a) How does the injection distance depend on injection time?
(b) How does the injection distance depend on temperature?
(c) How can you determine the activation energy for the reaction, and

what is it?

Hint:
from f = K- or f=1— exp(—K-F)

d(Int)

Qreac - R 5(1/’1@

ex) for a diffusion controlled reaction, f o« 1 / D

D =D, -exp -Q%/RT)

veass  __ . 5{]1’1]_“9) _ a(_QdﬁIRT‘) — .
Q™ = R Gy = TRy - =9
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