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=
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® A0O|=2/H0|2 ordinary/partial, A& /84 & linear/nonlinear
® homogeneous/nonhomogeneous
® |[nitial value problem/boundary value problem

93



2. Initial value Problems

z—i/: f(t,y) for a <t <pu wihya =a

t =a+ih, foreach1=0,1,2, -, N where h=(b-a)/N

tE a 8 h BSA SIAIA JIEHAN vy gtES o= 22X

To find yvalues increasing ¢ from a by 4/ step by step.

Y A
W) =yB) + ¥ =fE
y(a) = a
y(ts) T
y(t) +
yitg)=a T
Iﬂ — I!I I‘Ii ;2 IN I= -IE? 5

t=allM y, av/at gt &30 ACtD & [,

t=a+h0iA2 y &S OIHE BE2ZE & AP 2=HE 22X

/] —

How to obtain yvalue at t= a+ A, when knowing yand ay/dtat t= a
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2.1 Taylor Method

y(t, +h)=y(t,)+ y(')h+%h2 +---+%hn +R,

® Euler Method

Vi =i + (4, y)h

0=,

o

Example) CTIS ZAAN CHoll x=0 A =& =J| X2
2 2t h=052 x=4 (IM2 y 3= FoIAIL.

-

=-2x>+12x* —20x+8.5

S|l 4

P

JI &A1 initial condition: x=0 0l A y=1

y(0.5) = y(0) + f(0,1) » 0.5
f(0,1) = 8.5
y(0.5) =1+85*0.5=5.25 (real value = 3.21875)

y(1.0) = y(0.5) + f(0.5,5.25) » 0.5
=5.25 + [-2%0.5% + 12%0.5° = 20+0.5 + 8.5] * 0.5

= 5.875 (real value = 3.0)
Percent Relative Error
SARIRE SIS KIS S PR RS SRR 'Y X
X Yirue Yeuler Global Local i o
00 1 00000 1.00000 o
03 301875 525000 43 -63.1 o
10 300000 587500 958 -0
13 221873 312500 1310 - 4]
20 200000 4.50000 =150 03
23 271875 475000 -/L7 173
30 400000 587500 169 47
13 471875 712500 =510 -113 o
40

300000 70810 183 50 &8 ! | |
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“NISAEI Xl 22" Euler 82 JF4 code

C set integration range
Xi=0
xf=4
C Initialize variables
X = Xi
y =1
C set step size and determine number of calculation steps
dx = 0.5
nc = (xf —xi) / dx
C  output initial condition
PRINT x, y
C Loop to implement Euler's method and display results
DOi=1,nc
dydx = -2 x® + 12 x> - 20x + 8.5
y =y + dydx * dx

X =X + dx
PRINT x, vy
ENDDO
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“Ne&a=” (2E3t=) Euler 8 JHA code

(a) Main Program

C  Assign values for
y = [initial value of dependent variable]
xi = [initial value of independent variable]
xf = [final value of independent variable]
dx = [calculation step size]
xout = [output interval]

= Xi

0

m) =
m)

3><
Il

D<
O/\/\

xend = x + xout
IF (xend > xf) THEN xend = xf
h = dx
CALL Integrator (x, y, h, xend)
m=m+ 1
xp(m) =
yp(m) =y
IF(x = xf) EXIT
ENDDO
DISPLAY RESULTS
END

(b) Routine to take one output step
SUB Integrator (x, y, h, xend)
DO
IF (xend —x < h) THEN h = xend — x
CALL Euler (x, y, h, ynew)
X=Xx+h
y = ynew
IF (x = xf) EXIT
ENDDO
ENDSUB

(c) Euler’s method for a single ODE (d) Obtain Derivative
SUB Euler (x, vy, h, ynew) SUB Derivs (x, y, dydx)
CALL Derivs (x, y, dydx) dydx = -+
ynew =y + dydx * h ENDSUB
ENDSUB
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Euler method Ol A error & &0l &Y (How to reduce error)
(1) 22 2t (h)2 Z=°ICt. (Reduce the size of h)
(2) Taylor series OlAl DX &= 0| &tCH (Use higher order term)

(1) &2l

HOA hE 0252 s [ st

V

MO

True solution

(2) DXt Taylor method

f '(t 9 y )
Yia=Yit f(ti,yi)h+—2" " h?
\ _of(ty(t))  of (t,y(t)) dy(t)
ot vy L0 10U+ (@ /oy)(dy /dt)] L0 /0t +(@f /ay)(dy /dt)] dy(t)
(ta y) - at + ay dt

Example) y' =y —-F + 7, for0 <t < 2, withy(0) =0.5& h=0.2

Taylor Taylor Taylor
Exact Order 1 Error Order 2 Error Order 4 Error
5 () wi | yi — wil w; | »(t:) — wil W; [y(t) — wil
0.0 0.5000000 0.5000000 0.0000000 0.5000000 0 0.5000000 0

0.2 0.8292986  (.8000000 0.0292986  0.8300000 0.0007014  0.8293000 0.0000014
0.4 1.2140877 1.1520000 0.0620877 1.2158000 0.0017123 1.2140910 0.0000034
0.6 1.6480406  1.5504000 0.0985406 1.6520760 0.0031354 1.6489468 0.0000062
0.8 2.1272295 1.9884800 0.1387495 2.1323327 0.0051032  2.1272396 0.0000101
1.0 26408591 24581760 0.1826831 2.6486459 0.0077868  2.6408744 0.0000153
1.2 3.1799415 29498112 0.2301303 3.1913480 0.0114065  3.1799640 0.0000225
1.4 3.7324000 3.4517734 0.2806266 37486446 0.0162446  3.7324321 0.0000321
1.6 42834838 39501281 0.3333557 43061464 0.0226626  4.2835285 0.0000447
1.8 438151763 44281538 0.3870225 4.8462986 0.0311223  4.8152377 0.0000615
2.0 53054720 4.8657845 0.4396874 53476843 0.0422123  5.3055554 0.0000834
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2.2 Modification of the Euler Method

% Euler method UM 2XHJF &5l 22
AMEENAHS T&+2 MM #2t0 E=a6tJ| [HZ0ICt.

0|2 B&tole & JHAl &8 Heun method, Midpoint method
Fundamental reason for the error comes from that the derivative

at initial point was used in the whole interval, =a ~ £~ ath

® Heun Method

P2l AHED BN SH4S 7ot F 2o RS HE

Use average of derivatives at the two end points of the interval

Ol=Xt 2t ™Al (predictor equation)

y|+1 y| + f(XI ” y )h

v 8 FHUS AIS 7242 Z2EUAL T2 HA
(o]
y'i+1: f(xi+19yi+1)
22 A J|ISI|IE HAt

yv:yi+yi+l — f(xi’yi)+f(xi+1’yi0+l)
2 2
JI2J1E 01880t yu g8fS 2At
f X, i +f i+1° i0+
Yia =Yi t 05, ¥1) 2( lyl)h

(=X &™ Al corrector equation)

0&
1

Example) y'=4e"™ —0.5y 0l &% x=4 A HE 3ts 2

2F 2tA22 10|10 =D &2 x=00AM y=2.
y', =4e’-0.5-2=3 yP =y, +y,h=2+31=5

y', = f(x,,y)=4e" -0.5-5=6.402164
y'=(y',+Y',)/2=(3+6.402164)/2=4.701082
Y, =Y, +Y'h=2+4701082-1=6.701082

G O

Bt=g == UL One may repeat until y1 converges
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iterations of Heun’s Method

1 15
X ¥Ytrue ¥ Heaun isfl {3{0} YHeun If‘f[ {3"0]
0 2.0C00000 2 0000000 0.00 20000000 .00
1 61946314 67010819 g.18 6.3608655 2.68
2 14 8439219 163197819 (.94 15.3022367 3.09
3 336771718 37.1992489 1044 34 7432761 307
4 75 3380626 83.3377674 10.62 77 7350962 3.18
¥ SE) BEBS (f E= o4 O &0 ADE 2EHAUHAME
GI=X AHe0l 22 8l 0 Jlge O3 &0 26
HAELC.

Ol= AtCtelZ B2 3411

i LY < |

Yian =Yt

f00)+ 06
2

P A=tolH &2 HeO0ICH

When fis a function of only x not y —> trapezoidal integration

® Midpoint Method (Use y value at the midpoint)

2218 B T8 gt=2 FotJ| fol Heun method OA= &
248 g HAF=S We A, Midpoint BUHlAE SZEUAMS v
#S Euler Ho=Z2 O1I§8PD y 2t Ret 2 0 y g=S
0125t 22t & (x»)0A yais 8 B2t2Z 0=SstL.
_ h

ZAXUAMY vy U= Vi =Yi+ f(xi,yi)g
SSEUAM2 Jl=0] ALt Vi = f(xi+1/2=yi+1/2)
SUAE JISIIE BZ JI2IIE IHE, yur gt 2AE

y|+l yl + 1:(X|+l/29 y|+1/2)h

 JIS2I1JF x 8o g2 B2 HFZ0WH AL midpoint ElF 22
I8 €
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(0) Euler’s method for a single ODE
SUB Euler (x, vy, h, ynew)
CALL Derivs (x, y, dydx)
ynew =y + dydx * h
ENDSUB

(a) Simple Heun without Corrector
SUB Heun (x, vy, h, ynew)
CALL Derivs (x, y, dy1dx)
ye =y + dyldx * h
CALL Derivs (x+h, ye, dy2dx)
Slope = (dy1dx +dy2dx) / 2
ynew =y + Slope * h
ENDSUB

(b) Midpoint method
SUB Midpoint (x, y, h, ynew)
CALL Derivs (x, y, dydx)
ym =y + dydx * h/2
CALL Derivs (x+h/2, ym, dymdx)
ynew =y + dymdx * h
ENDSUB

(c) Heun with Corrector
SUB Heunlter (x, y, h, ynew)
es = 0.01
maxit = 20
CALL Derivs (x, y, dy1dx)
ye =y + dyldx * h
lter = 0
DO
yeold = ye
CALL Derivs (x+h, ye, dy2dx)
Slope = (dy1dx +dy2dx) / 2
ye =y + Slope * h
iter = iter + 1
ea=| (ye —yeold)/ye | * 100%
IF (ea < es OR iter > maxit) EXIT
ENDDO
ynew = ye
ENDSUB
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2.3 Runge—Kutta Method

[

e 3o 0

0

Y
=
IJ
Z—|_|

rr
i
h_ne
[z
ol
=

H ¢
U rio

| Euler,
single-step method 2|

O ox

c 4n Jo

=c

A
e

oar
aL
i
A=

o

=Y, +¢(Xi9yi ,h)h

&0l A

yi+1

HIIM  g(x,y;,h) = 2¢ CHEAQI

=28t (increment function)Ol CI29 LUBHA T

¢=ak +ak, +---+ak,

kl = f(xiayi)
kz = f(xi + p1ha Yi +Q11k1h)
k3 = f(xi + pzha Yi +q21k1h+qzzk2h)

kn = f(Xi + pn—lha Yi + qn—l,lklh + c1n—1,zk2h +eeet qn—l,n—lkn—lh)

n=1 ¢ 1 Xt RK &2 Euler &0
Eq.(1)S Taylor 2% &I{ot &

=T
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® 22X RK 8o |R&
Vi = Y; +(@k +a,k;)h Eq.(2)

kl = f(xiayi)
kz = f(xi + p1ha Yi +Q11k1h)

vis1 2 vi 2 f(xi,yi) Ol CHAH 2 Xt Taylor &K

yi+1:yi+f(xi’yi)h+wh2
Fi(xy) = TN ATOGY) dy
OX ay dx

of of dy\h?
y|+1 y| ( i y) (ax aydxj 2' q (3)
RK B9 JI&2 Hge & (2)%2 (3)0] Z20INE=E a, p, g at=2
Fots 2
F(x 4 phy +q kb =,y + photq khd+om?)

[ LY T Uy i»Yi P lllﬁy

of of
Yia =Y tahf(x;, y)+a,hf(x,y,) +a, plhz &"'azquhz f(x;, yi)@"'o(h})

of of
Vi =Y +la, f(x, y)+a, f(x,y,)lh+[a,p, Pt f(xi,yi)alhz +0(h?)

Eq.(4)
Ea.(3) = Eq.(4) 2HZ2H

1 1
a1+a2:1* azplza’ a,q, =~

g ™A 4 e OIKI=E JtNEZ 0k =
otLtel gt= JHEollOF of ., OO et ted JHel 2 Xk RK &0l
=
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1 1
yi+1:yi+(5kl+§k2jh k= f(x.,y:)

k, = f(x; +h,y, +k,h)

A & B B2 = Heun Yol HE

yi+1 :yi+k2h k1=f(Xi,yi)

1 1
k, = f(x, +=h,y, +—kh
2 (|+2 y+21)

32:§ o [, alzé, p,=q, == (Ralston &)
1 2
yi+1:yi+(§kl+§k2jh k= f(x,¥)
3 3
k, = f(x, +=h,y, +>k,h
2 ( |+4 y +4 1 )
Analytical
Y4 @@ Euler

@ Heun
e Midpoint
Jwls Ralston
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® 3 Xt Runge—Kutta &
1
Yoo =Y, +g(k1 +4Kk, +k;)h

kl = f(xiayi)
1 1
k2 = f(Xi +5h’yi +5k1h)

k, = f(x, +h,y, —kh+2k,h)

S8t 0b x BHO| &h4=2t™ Simpson 1/3 2410 o

0ol

® 4 X Runge—Kutta & (classical 4 Xt RK &)
Yia =Y, +é(k1 + 2K, +2k; +k,)h

kl = f(xiayi)

1 1
k,=f(x +=h,y, +=kh
2 (|+2 y+21)

1 1
ky = f(x, +=h,y, +=k,h
3 (|+2 y+22)

k,=f(x; +h,y, +k;h)

S 4IF x 2ol &2401H DAl Simpson 1/3 2410

classical 4 Xt RK e
SUB RK4 (x, vy, h, ynew)

CALL Derivs (x, y, k1) 1| i

ym=y+kl*h/2 5

CALL Derivs (x+h/2, ym, k2) oot Heun

ym=y+k2*h/2 i

CALL Derivs (x+h/2, ym, k3) £

ye =y +k3 *h E o

CALL Derivs (x+h, ye, k4) AK-4th

Slope = (k1+2%k2+2xk3 +k4)/6 Te ok

ynew =y + Slope * h Butcher
ENDSUB

Effort

105



2.4 Methods for Systems of Equations

dy
d_Xlz fl(x’ ylayza"'ayn)
dy
d_X2: fz(x’yl’ yz""’yn)
dy,
dx - fn(x’yl’ yz""’yn)

dy, _

a0 x| =A

dy, y1(x=0) = 4

—==4-03 0.1

dx o mB yo(x=0) = 6
® Culer &

y1(0.5) =4+ [-0.5%4] x0.5=3
y2(0.5) =6 + [4 - 0.3%6- 0.1%4] * 0.5 =6.9
S BM A0A yi O, 2 B A0A AHate 301 OFd

yi(x=0) =4 E MEHSH =2
X Y1 Yo
0 4 6
0.5 3 6.9
1.0 2.25 7.715
1.5 1.6875 8.44525
2.0 1.265625 9.094087
® 4X RK &
X Y1 Vo
0 4 6
0.5 3.115234 6.857670
1.0 2.426171 7.632106
1.5 1.889523 8.326886
2.0 1.471577 8.946865
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(a) Main Program
C Assign values for

n = number of equations
y(i) = [initial values of n
dependent variables]

xi = [initial value of independent
variable]

xf = [final value of independent
variable]

dx = [calculation step size]

xout = [output interval]

xend = x + xout
IF (xend > xf) THEN xend = xf
h = dx
CALL Integrator (x, y, h, xend)
m=m+ 1
xp(m) = x
DOi=1,n
yp(i,m) =y
ENDDO
IF(x = xf) EXIT
ENDDO
DISPLAY RESULTS
END

(b) Routine to take one output step

SUB Integrator (x, vy, n, h, xend)
DO

IF (xend-x< h) THEN h=xend-x

CALL RK4 (x, y, n, h)
X=X+h
IF (x = xf) EXIT
ENDDO
ENDSUB
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(c) Classical 4 X} RK

SUB RK4 (x, vy, h, ynew)
CALL Derivs (x, vy, k1)
DOi=1,n
ym(i) = y(i) + k1(i) * h /2
ENDDO
CALL Derivs (x+h/2, ym, k2)
DOi=1,n
ym(i) = y(i) + k2(i) * h /2
ENDDO
CALL Derivs (x+h/2, ym, k3)
DOi=1,n
ye(i) = y(i) + k3(i) * h
ENDDO
CALL Derivs (x+h, ye, k4)
DOi=1,n
Slope(i) = (k1(i)+2*k2(i)
+2*xk3(i) +k4(i))/6
y(i) = y(i) + Slope(i) * h
ENDDO
ENDSUB

(d) Obtain Derivative

SUB Derivs (x, vy, dy)
dy(2) = -

ENDSUB



3. Boundary value Problems

dy

T; = At v ¥

¥
'&T_ = falt, ¥, ¥o)

whereat!=0,y;, =¥ gand y; =y,
¥

/-I

Initial conditions

whereatx=0,y =y,

x=Ly=w Boundary

¥ i condition

Boundary i’

condition TT——. ¥o
Fociies
0 L x
(&)
d°T

Example) d7+ h'(T,-T)=0

T(0) =T (= 40)
T(L) = T2 (=200)
Ta=20

# =0.01

L=10

L

A
W LR A
m {
= E
U 7s LA L
~

=

Exact solution : T = 73.45236&" ™ = 53.4523 ¢ %™ + 20
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3.1 Shooting Method

® Linear Shooting Method

A

d’T
T, -T)=0
SHO 2 X LHAS E JHo 1 X ADIE UHACR 25
dT
- =7
dx
% _we-T,)
dx
P SMAISS ZJ| RIoiAE 22 =DIt0l ER5HCH.
EII12t z(0)=10 2 JIESID S MOl ¢ YHAS 4% RKZ Z
T(10) = 168.3797 0 LOIICH. 0Ol= JAHZA T(10)=200 I Ci2C
M2tA z(0)=20 O & CH2 XJIS JIEEI0 HAS ASEHY,
OlMf= T(10) = 285.8980 01 204 &I C}
Soho MOIE SEAS ME0IDZ (S ASS MEHOZ HsH}
2(0) = 10 T(10) = 168.3797
2(0) = 20 T(10) = 285.8980
[2tA OIS 2SE T(10) = 200 2H dH= z(0) S HAHE & AT
2(0)=10+ 20-10 (200 -168.3797) = 12.6907

285.8980—-168.3797

® Nonlinear Shooting Method
H&E 22X Z2 TO0) 80l z(0)o et Aoz #a
2D 20 |2 DX Aleo2 =& T(10) 2t 2l of
z(0) gt Z2AE %= QiCth.
g

=08 z(0)2%H T(0) 80l RaX=

5

3
)
=
(@]
o
30 °
o
Z-{'_|
Al
12
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3.2 Finite Difference Method

® Linear Finite Difference Method

d’T
dx?
SEHAMN Us T2 FSHHMXE=SE 2 AHAIZI= A 0IC.
D2 YA HYUTAOR HSETC),
dzT _T|+l _2Ti +Tl—l
dx? AX?
T, —2T +T.
i+ i i _h| —T)=0
AX? (T =T
SHAIO 1 X SEAIF TEE0 ASH 0] FAl AH2sEE =
T & €2 WA ST,
T, +Q2+h AT, -T,, =h'AXT,
~T, +Q+h'AX)T,,, —T., =hAX°T,
ol ML %JHIOH Ul Jel e 28 (Ax=2)2 2 &05tH

204 -1 0 0 [T, 40.8
-1 204 -1 0 |[|T, 0.8

~1 204 -1]|T, 0.8
~1 2.04||T,| |200.8

{T}'={65.9698 93.7785 124.5382 159.4795}

ShootingEdt #OAIRES A8 22 Zutet FAD Ao Hlul,

x True Shooting Method Finite Difference
0 40 40 40
2 659518 035.9520 85.9098
4 Q3.7478 93.7481 93.7785
6 124.5036 124 5039 124 5382
8 1594534 159.4538 159 4795
10 200 200
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h'AX°T,
h'AX°T,

(o]
=

{401 &&0] O

~T,+Q+h AT, -T,,

~T +Q+hAX)T,,, -T.,

S
o

cf Ol=%

o
—

2|

® Nonlinear Finite Difference Method

Z L.

=0 JIge=z

=] PSP
[

012

60

vl

0l
uln
<r
KO

-

0

AL,

IT
T

ol

0

=
S

= 0l

FOM

(32+2x° —yy")

Y

\Y

for

8

y" —
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