5. B2t AZH

Interpolation and Regression

filx) 4
@

@

(@) »
fx) 4

(b) z
Jlx)

(c)
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B2t (Interpolation)

1.1 M2

® =22 0 : interatomic pair—-wise interaction

rr

® Taylor Series (one-point approximation)E ASE = &
0I5 (Taylor Series doesn’t work)

Approximate Ax)=1/x at x=3, using a Taylor expansion at x=1.

fP(x)=(=D)"nlx""

(k) n
P(x)= Zf Q- 2 -y
n 0 1 3 4 5 6 7
Pn(3) 1 =1 3 =5 11 =21 43 -85
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1.2 Newton

® Taylor Series 22 2 A (finite divided difference)

f(xi-#l)_f(xi)_i_O(x. —x )
—x i+1 i

i+l i

Forward difference f(x)=

Backward difference f'(x)= f(xl')_}lf(x"“)+0(h)

Centered difference

1 _f(xiJrl)_f(xi—l)_ 2
f'(x)= 7 O(h”)

Example) TS &2 1 A= &+E x=0.50A A=0.5, 0252
I NIDJHX ZHHS ALESHH AHlAtStet. (&2t -0.9125)
Find the derivative at x=0.5 with 4=0.5, 0.25 using the above-mentioned

three different method (answer: -0.9125)
f(x)=-0.1x*-0.15x = 0.5x> =0.25x +1.2

P9l FetXtE 2 At (higher order derivative)

ool

I &

f"(xi)= f(xi+1)_2f;l(2xi)+f(xi—l) +0(h2)

SO =S S = f(x)

fre)E
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1T X (88) 22HY (first-order interpolation)

f(xl)_f(xo) (x_xo)
X

X — X

H() = f(x,)+

)= o
. xi i+l i

Forward difference f'(x)=
xi+1
Example) 88 B2tEHE AIE6IH In2 & x=1~6,x=1~4
-2t D 22 30|12 &= L Atotet.
1

Ol A HI &
9

=
(0.3583519, 0.4620981 vs. 0.69314718)

® 2 Xt E2tH (second-order interpolation)

So(x) =D, +b,(x —xy) + b, (x —x,)(x — x,)

b,=f(x,)
b = S(x) = f(x,)
X1~ X
S ()= f(x) _ S(x) = f(x)
b = XX X~ X
2 x2_xo

Example) x=1, 4,6 OlA2 20l JIBtS
AMESHH In2 gt= otct.
Find the value of In 2 based on the followings

In1=0
In 4 =1.386294
In6 =1.791759

£,(x) =0+ 0.4620981(x — 1) + —0.051873 1(x — 1)(x — 4)

= 0.5658444
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® Newton 22t Ct&Al9

f[xioxpxk] =

f[xnaxn_la""xlaxo]:

b, = f(x,)
L L) (%) _

2 Bt3} (generalization of Newton method)

Jo(x)=b, +b(x=x)+--+b,(x —x )(x—x)--(x—x,,)

JTx %]

X — X

= f1x, %, %]

: X, — X,
JO) = f(x) _ f) = f(x)
b= 27N
’ XZ_‘xo

bn zf[xn9xn—l’.”’xl9x0]

f[xiaxj]_f[xjaxk]

X, — X,

SUx,,%, X 1= f1X, %, 5,5 %]

xn _xO

Jo(x) = f(xp) + (x = x0) fTx1, X ]+ (x = x )(x = x,) f x5, x5 X ]

oot (X —x)(x—x) - (x—x,) fx,, X, 5 %]

First Second Third
x Sfix) Divided Differences Divided Differences Divided Differences
X  flxl _
Flxo, %11 = flx]—flxl
" X —Xp
no Sl Flivo, x1, 3] = Lstfbenl
flxn x] = Jlxepl=rix Flxo, X1, X2, X3] = {lxy.xp.23)— Flxp.x1.32]
H x3—xg A A L 3%
” [ s X2 X3 1— XL
X flxal flay, 2z, 23] = Ll ':;i:x' 2] _
Floaa, xs] = Lol Flxt m2, 3, xq] = Lt
— flxaxgl- flxgx)
X3 fl%] Flx, %3, 3] = Lt [lmn)
Flxs, xq] = %ﬁ%ﬂi Flxa. x5, x4, x5] =
*4 flxl fles, x4, %5] = 7f{x“f‘]:§%m
_ flxs)—Flxad :
Slxa, xs] = =5
X5 flxs]
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Subroutine NewtInt (x,y,n,xi,yint,ea)
LOCAL fdd(n,n)
DOi=0,n
fdd(i,0) = y(i)
END DO
DOj=1,n
DOi=0,n-j
fdd(i,j) = (fdd(i+1,j=1)=fdd(i,j—1)) / (x(i+1)=x(i))
END DO
END DO
xterm = 1
yint(0) = fdd(0,0)
DO order=1,n
xterm = xterm * (xi — x(order—1))
yint(order) = yint(order—1) + fdd(0,order) * xterm
ea(order) = yint(order) - yint(order—1)
END DO
END NewtInt
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1.3 Lagrange Polynomials

£00=3 L, f(x)

n x—xj

Lmk(x) = H
j:0 xk_xj

J#k

0t

e HME B2t (n=1) first-order

x_

Sfi(x) =

x X—X
= () +——f(x)
X, — X, X, — X,

® 2 X 22t second-order

X—X X—X X=X, X—X
Jo(x) = : = f(x)+— = f(x)
Xy =X, Xg — X, X, =Xy X, — X,

X=X, X—X 166
2

Xy =Xy Xy =X

(x —Xxg) o (x = xp—1)(x — Xpg1) -+ - (x — Xp)

Ln Ic(x} =
(xr — x0) - - - (xx — Xp—1)(xx — Xpg1) -+ O — x5)
Ln}c{x) [ Y
] ek
mv/‘-\‘—ﬂ/\v ‘---.---f:"""——-\‘I -
Aﬁ Xp e X X Xt 1 - Xp—g xk o
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L, x=x K= 1, LLHAl x gt0lid= 001 Hl= nXt &=0ILCt.

= f(x)= 2= n+1 2 OO B@=S= Z&old Sitole =&t

n Xt CteEA0l =0
nth Lagrange Interpolating Polynomial

P.(x) = f(x0)Lo(x) + -+ + f ) Lpa(x) = ) [0 Luk(¥),

k=0
where

(x—20)(x —=%1) oo (X = X1} (X = Xgp1) o =)
(X — X0) (o — X1) - - - (o — Xe—1) (X — K1) - - ik — X))

Ln.k (I) ==

foreachk=0,1,...,n

® NXI ZIUE n+1 XUl AIE6IE== JHE — Neville’'s method

Example) 1, 2 Xt Lagrange 22+ CI&Al 0|25t In2 g2t= T olet.

=
Find the value of In 2 using 1% and 2™ order Lagrange method.

In1=0
In 4 = 1.386294
In6 =1.791759

1, 2 Xk Newton 22F ChatAel Z 02 Hlwotch.

Compare with those from Newton method.

Example) Lagrange 22+ C&tA 2 Newton MXt2 22+
CIESAOZ2EH KEE £ Us 2AHAds B0et
(1 xtel ALE Dol 2 A)

Show that the Lagrange polynomials could be derived
from the Newton polynomials. (Consider 1% order)
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Subroutine Lagrng (x,y,n,xi)
sum =0
DOi=0,n
product = y(i)
DOj=0,n
IFi + j THEN
product = product * (x = x(j)) / (x(i) = x(j))
ENDIF
END DO
sum = sum + product
END DO
Lagrng = sum
END Lagrng
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1.4 Spline (Piecewise polynomial approximation)

f(x) e
r— —
/-\/-
o 5\:’
i P i 0 x

Jx)
First-order
spline
»
2 2
| | | | | | [ |
X 0
f( ) 2 4 6 8 19 =z

J@
Second-order 7,
spline \ J 1
i :- 5 '
J I | | | |
;M.' X
()
X
f( ) B WRRSE. TR f(x)
;>.¢ ] Cubic
; spline . Interpolating
4 N cubic
Bl ffficondy ﬂ x | L I | ‘ L l
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® 21 AZE2tol 2™ order spline

flx) & ayc £ by + ¢

ax® + byx + ¢,
a;x’ + bx + ¢

Flo)

_Interval 1 | Interval 2 | Interval 3

for n+1 data point

fi(x)=ax’+bx+c;; = DIXZ% M= (total unknowns) = 377
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1.

ol

LIS E2F0 A Olxzote GetAS2 &= g0l &0t0F &Lt
The values of neighboring polynomials on each inner node point should

be the same.

2
a_x;, +b_x,_ +c_ =f(x)

aixi2—1 +bx +¢ = fx) (2rn-2)
AWMt OHKISY &= BtEAl 28 = SJolOFet StCt.
The first and last polynomial should pass the endpoints.

2
axy +byxy +¢, = f(x)
ax +bx +c, = f(x,) (2)

3. tHF ZZ0AN Olxzet TgA S 1 X E8+= Z0t0F StCh

The values of 1% order derivatives of neighboring polynomials on each

inner node point should be the same.

2a, \x, ,+b_,=2ax,,+b, (1)

17Vi-1

4. 22X TEg=0F A B OIOIE BOIA 00I2t) JHESHCY.

The 2" derivative on the first data point is assumed to be zero,

a, =0 (1)
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Example) IS GIOIEHE 2 X AEcRIo2 MEAII|D
x=5 0l M2 gt2 Fotet. (Find the value at x=5).

X Ax)
3.0 2.5
4.5 1.0
7.0 2.5
9.0 0.5

20.25a; +4.5b; +¢; = 1.0
20.25a; +4.5b3 +c2 = 1.0
49ay + Tha+ca=2.5
49as -+ Ths+c3=2.3

9:‘11 e 3f?1 +£0] = 25
31&3 o 953 iGg= 0.5

9{11 +b| = gﬂg -+ bg
14a; + by = 1das + bs

ﬂ,'l:{) 512—1 51:5.5

iy = 0.64 bg = —6.76 Ca = 15.46

ﬂ3=—|,6 53224.6 E‘3I—9L3
fikk)=—x+55 30<x <45

fo(x) = 0.64x2 — 6.76x + 1846  45<x <70
f5(x) = —1.6x* + 24.6x — 913 7.0<x =90

12(5) = 0.64(5)% — 6.76(5) + 18.46 = 0.66
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® 3 Xt (cubic) A2Z2t2l (Cubic spline)

fi(x)= al.x3 + bl.x2 +cx+d,

1. 8= 22 U ZEHUAM 20t0F 8Tt [2/7-2]

2. X Bt OIS = & 2 SHH0F &L [2]

3. e BEUAM 1 Xt T&t+= 20t0F &L [7-1]

4. U2 EEHUM 2X S&=S 20t0F 8Lt [n-1]

5. & ZF0AML 2X T&t+= 00I2t) JHESHC. [2]
(2X S80It 00l OtLIctH O HEEZ2 £2AS W)

Method 1
fz(x) =4q, +bi(x_xi)+ci(x_xi)2 +di(x_xi)3

Te4E O3S &0] 1 X Lagrange

" " X—X, X—X,_
£ = £ )=+ f (x) —H
Xiog =X i X
28 &5 20l x =x- OIA Ax-1), x =x; OlA Ax) 8t= JLMOF
stlt= 2002 RACZRH HE2 &= =S Aot US
HEsg 20
Xi_ i" X;
fi =) g Sy
6(x; —x,;) 6(x; —x,;)
RAE RALE €7 —xi_l)} %)
X =X 6
J o S@f (x,-><xi—xi_l>} Gex)
X =X 6

From fi.,(x,) =/ (x,)

(x; —x,. l)f"(xi D+2(x,, —x, 1)f"(x')+(xi+1 =x)f"(x;,))
f(x,+1) Sf(x; )]+ [f(xll) S(x)]

i+l 1 z
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Example) IS GIOIEHE 3 X AZECRIo2 MEAIIID
x=5 0l M2 gt2 Fotet. (Find the value at x=5).

X AX)
3.0 2.5
4.5 1.0
7.0 2.5
9.0 0.5

(4.5-3)F"(3)+2(7-3) f"(4.5)+(7T-4.5) f"(7)
% os-nys
7-45 45-3

(2.5-1)

8 f(4.5) +2.5 f(7) =9.6
2.5 f14.5)+9 f(7) =-9.6

f(4.5) = 1.67909
f(7) = -1.53308

1.67909 s, 25
/ (x)_6(4.5—3)(x_3) T45-3
J{ 1 _1.67909(4.5—3)}()6_3)
4.5-3 6

(4.5-x)

£.(x) =0.186566(x —3)° +1.666667(4.5 — x) + 0.246894(x — 3)
£,(x)=0.111939(7 — x)* —0.102205(x — 4.5)° —0.299621(7 — x) +1.638783(x — 4.5)
£,(x)==0.127757(9 - x)* +1.761027(9 — x) + 0.25(x - 7)

£,(5)=1.102886
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SUBROUTINE Spline (x,y,n,xu,yu,dy,d?2y)
LOCAL e(n), f(n), g(n), r(n), d2x(n)
CALL Tridiag(x.y,n,e,f,g,r)
CALL Gauss
CALL Interpol(x,y,n,d2x,xu,yu,dy,d2y)
END Spline

SUBROUTINE Tridiag (x,y,n,e.f,g,r)
f(1) = 2 * (x(2)—x(0))
a(1) = (x(2)—x(1))
r(1) = 6/(x(2)-x(1)) = (y(2)-y(1)) + 6/(x(1)-x(0)) = (y(0)-y(1))
DOi=2,n-2
e(i) = (x(i) = x(i-1))
f(i) = 2 * (x(i+1) = x(i-1))
a(i) = (x(i+1) = x(i))
r(i) = 6/(x(i+1)-x(i))
ENDDO
e(n-1) = (x(n-1) = x(n-2))
f(n=1) = 2 » (x(n) = x(n-2))
r(n—=1) = 6/(x(n)—x(n=1)) * (y(n)-y(n-1))
+ 6/(x(n=1)-x(n-2)) * (y(n—2)-y(n-1))
END Tridiag

*(y(i+1)=y(D) + 6/(x(D)-x(i=1)) » (y(i-1)=y(i))
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SUBROUTINE Interpol (x,y,n,d2x,xu,yu,dy,d2y)
flag = 0
i=1
DO
IF xu >= x(i—1) AND xu =< x(i) THEN

cl = d2x(i-1)/6/(x(i)—x(i-1))

c2 = d2x(i)/6/(x(i)—x(i-1))

c3 = y(i=1)/(x(i)-x(i-1)) = d2x(i-1) = (x(i) = x(i-1))/6
c4 = y(i)/(x(i)=x(i—1)) = d2x(i) * (x(i) = x(i=1))/6
t1=c1  (x(i) — xu)®

t2 = c2 * (xu — x(i-1))®

t3 = c3 * (x(i) = xu)

t4 = c4 = (xu — x(i-1))
yu=1t1+t2+t3+1t4
t1 = -3 % cl * (x(i)—xu)?
t2 =3 c2 * (xu - x(i-1))?
t3 =-c3
t4 =c4
dy =t1 +t2 +t3 + t4
t1 =6 xcl x (x(i) — xu)
t2 =6 *c2 * (xu—x(i-1))
d2y = t1 +t2
flag = 1
ELSE
=i+ 1
ENDIF
IFi=n+10Rflag =1 EXIT
ENDDO
IF flag = 0 THEN
Print “ outside range ”
Pause
ENDIF
END Interpol
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2. 3lHE4X (Regression)

X; Yi X Yi
1 1.3 6 8.8
2 3.5 7 10.1
3 4.2 8 115
4 5.0 9 13.0
5 7.0 10 15.6

Yi
16 +
T4
12 +
10 +

8 =

6 ==

4 =k

2 —E

2 I 4I- 1 é I 8I ] llt:) I '-'x

49
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2.1 Discrete Least Square

® K&

o
ol

|

HT

¥
b3
“s.‘ /
y
oy
.
Se
.)~
/ﬁ"s
: . ~
Midpoint v
»
&
(a)
¥ *
-
-
0’
" -
_*---—:"‘_----.
L
R o
-
¥
"
P
(b)

® Outlier

(c)

SEM] FAES AR HHTHO| S (3) [AL T2 HAS
ofg (c) U Mo HNCHOARKS E A4S
(a) Minimizing sum of deviation
(b) Minimizing sum of absolute deviation
(c) Minimizing maximum deviation (minimax)

=
S5
12
1%
L
e
i
o
e
ey
[
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e & 3FH=4A (Minimizing sum of squares of deviation)

y=a,+ax+e

n n
_ 2 _ 2
Sr - Zei _Z(yi —4a, _alxi)
i=1 i=1

oS <

L=-2 —a,—a,x;)=0
2 3,
oS <
—=-2 > x,(y,—a,—a,x;)=0
6611 ; l(yz aO 1 z)

nao +(le-) a, :Zyl
(in) ) +(le.2) a, :zxiyi

q = nzxiyi _inzyi
: anl.z —(Z:xl.)2
0 =7-ax
Xi ¥i o' x;); P(x;) = 1.538x; — 0.360
1 1.3 1 1.3 1.18
2 3.5 4 7.0 2.72
3 42 9 12.6 4.25
4 5.0 16 20.0 5.79
5 7.0 25 35.0 7.33
6 8.8 36 52.8 8.87
7 10.1 49 70.7 10.41
8 12.5 64 100.0 11.94
9 13.0 81 117.0 13.48
10 15.6 100 156.0 15.02
55 81.0 385 572.4 E=Y12 (yi— P(x))* ~2.34

ol



® Q< Xt° A3} Error evaluation

n n
_ 2 _ 2
Sr - Zei _Z(yi —4a, _alxi)
i=1 i=1

HEEX —
i” % ‘
(b)

Z A H % (Coefficient of determination) »* = 5, -5

Sy o B0 tet Ms¢g

sum of squares of deviation wrt. mean y value

A2t H 2= (Correlation coefficient) r

anyl Zx Zyl
DX DN s
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SUB Regress (x, y, n, al, a0, syx, r2)
sumx = 0; sumxy = 0;st=0
sumy = 0; sumx2 =0; sr=0
DOIl=1,n
sumx = sumx + x(i)
sumy = sumy + y(i)
sumxy = sumxy + x(i)*y(i)
sumx2 = sumx2 + x(i)*x(i)
ENDDO
Xm = sumx / n
ym = sumy / n
al = (nxsumxy — sumx*sumy)/(N*sumx2 — SUMX*sSumx)
a0 = ym — al*xm
DOi=1,n
st = st + (y(i) —ym)?
sr=sr+ (y(i) — al»x(i) — a0)?
ENDDO
syx = (sr/(n-2))
r2 = (st —sr) /st
END Regress

0.5
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= oo _ o

e ® o'.
——’_'_._——‘—ﬂ:—

® ®
L ®
®
(a)
i

&)

= By = X
= a,x =da
F= ¥ 3.’93-|-x

(a) (b) (c)

Linearization

Linearization
Linearization

Iny log y iy
Slops Sk Slope = by/a,
Intercept = 1/a;

x Z log x 1x
I

ntercept = log a,

() (e) )

Intercept = In g,

(@) M7 E3Y, (b) B FBY, () XSYTE T8N (d), (o), (D= T HAY 22t MY FFA.
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2.2 CtetA 3 H =24 (polynomial regression)

_ 2
y=a,+ax+a,x” +e

n
_ 242
S, = Z(yi —ay —a,X; —a,X; )
i1

a5,
= —22(}15 — g — 1 X; —agx,?)

i)
£ = -2 Zx{- (yf —ay — a1 x; — agxf}

as,
= —-ZZXQ (}’f —dy — dyX; —agxf)

(n)ag + (Z x;) ap -+ (fo) ay = Zy;
(Zx,-) dag + (fo) ay ¥ (fo) ay = Ex,—y,-
(fo) ag + (Zx_?) a; + (er) ay = foy;

5h)



Example)

x; ¥i yi — ¥)? (yi — a0 — a1x; — axx?)
0 o 544 44 0.14332
] AV 314.47 1.00286
2 13.6 140.03 1.08158
3 277 3.12 0.80491
4 409 239272 0.61951
5 41 127211 0.09439
b 152.6 2513.39 3 74657

N =i Y xt =979

m=2
n=6 D % =1526 ) x3 =>5856
=25 N ar=95 > Py =248838

Yi=25498 0 (YL a=095

@+ (L) + (a?) = T 6 15 557 (a0 152.6
(Cx) a0+ (X ar+ (Xxd) e = Yy 15 55 225 |jaip=1{ 5856
() + (S + (St an= st 55 225 979 | |a 2488.8

¥ =2 4T8T ~-2.35920x 1.86071.x*

¥
13.74657 L12 g

IS'}'}I’_[ _ —= .
6 - 3 50 —

Least-squares
parabola

»  2513.39 —3.74657
i 2513.39

= (.99851

r

r=0.99925
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=

2.3 U= & 3H=24 (multiple linear regression)

OfH

y=a,+ax t+a,x,+e

s x;
_______ o i s
b

n
_ 2
S, = Z(yi —y — ayX;; — dyXy,;)
i=1

a8,
==l Z (yi —ap —ayxy; — a2x;)
au{]
a5,
= —sz” (yi —ap — a1x1; — azxy;)
dﬂ|
a8,
- = —22.1‘2,' (Vi —ap — ayxy; — axy;)
dag
n Xy 2 X0 g 2y
EX” EI%— EIHIE (#5 = Exlf}’f
EIQ; EI”.X'Q,' E-xéi- ) EJ:E:' Vi
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SHYEEANS2 B3 (Generalization of linear least-square)

y=a,z,+a,z +a,z,+-+a,z, +e

{Y}=[Z]{A}+{E}

Zor 21 Zm
z z z
02 12 2
[Z]= . "
ZOn Zln Zmn

m: @& #H42] £ (humber of variables)
n: data point 21 == (number of data points)
(VT =lyrye - yalsy O 253t

{A} = [ag ar - an]: OIXIHIZ=2| ZoiE
{E} =[er1ep - en]: &XO LBiE

2
Sr _Z[yi _Z aijij
i=1

J=0

[[ZI"[zZ1{AY={[Z]{Y}}

M HEAESRA, (AR, OEAES S
HOIX B2 20l 25 SUGHH 22 #BACE
AcHot EEE 4 QUL

DIXIAH 2 {Ale Sddy oz S 201 & 5= UL

{A=[1z1"1z11 7 {1Z17{Y}}

o8



25 HIAE 3H=2A (Gauss—Newton 2hed)

Jx)=ay(l1-e™)+e

yi=f(x)+e

Taylor & JH
o (x,),;

o (x,),;
f(‘xi)j+1 = f(‘xi)j + ~Aa, + Aa,
oa, a,
Jo =D JFE g (initial), J/#1 : 0l= (prediction)
Aa, = Ay i1 — Y Aa, = a; i —a;

2ol Hidd 24

ot

Ay D2 BHE (honlinear —> linear)

o

yi—f(x), = af(xj)j Aa, + af(xj)j Aa, +e
Oa, a,

{O}=[z]{AA}+{E}

of,/oa, of,/ 0a,
[ZA]: 8fz/.aao 8fz/.ﬁao

of, /a, of, /oa,

= f(x) Aa,
{D}z yz_{(xz) {AA}z Azal

yn _f(xn) Aam
ez Allss B8
[[Z1"[z1]{ aA}Y={[z]™{D}}
Ay o =y, +Aa, a, ., =a +Aa,
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Example) f(x;ay,a,)=a, (I-e™")

X 0.25 0.76 1.25 1.75 2.25
Y 0.28 0.57 0.68 0.74 0.79
8 —ax a
lzl— ' l:aox e
oa, oa,
02212 0.1947
0.5276 0.3543
[Zo]= | 0.7135 0.3581
0.8262 03041 Z T (Zy] — | 23193 0.9489
0.8946 0.2371 [Zol 1201 = | 9480 0.4404
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