J

i

3. &8 olg gFA

— O O M

og!

Linear Equation System

LNVC, +L,VNT+L, V¢

a, x, +a,x, +---+a,x, =b,

A, X, +a,X, +-+a, x =b,
a,x, +a,x,+--+a x =b

[AI{X} = {B}
{x} = [A]"'{B}
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2. Gaussian Elimination

X, +x,+3x, =4
2x, +x, —x;+x, =1
3x, —x, —x; +2x, =3

—-x, +2x, +3x; —x, =4

x) (4 1 1 0 3Yx) (4
x2:1 0 -1 -1 -5 x2:—7
Xy -3 0 -4 -1 -7|x —-15
x,) |4 0 3 3 2)\x) L8
11 0 3Yx) (4
0 -1 -1 =5|x,| |-7
0 0 3 13 |x| |13
0 0 0 -13)x,) (-13
x, =1

all] a1l ... Qin

X =

1

aso ... aop

b, _(ai,i+1xi+1 +eta, X

in"'n

x; =(13-13x,)/3=0
X, =—(=T+x;+5x,) =2

x =4-x,-3x,=-1

x1 b1
o | | bo
Tn b

) b; — Zaijxj

a..

124
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® Pivot element (@)t 00l &= &S (when the Pivot element is zero)

r1+ X9+ 3
2r1 — 229 + X3 =

c X +x,+x,=6
0+4x,—x,=5

dxo — X3 = D

2x,—2x,+x, =1

a11xr1 +aory + ...

+ a1pxn = b1

o )

) -

0 4 —1 z1 5
11 1 zo | = [ 6
2 -2 1 T3 1
1 1 1[x | [6]
0 4 —1|x,|=|5
2 -2 1)|x | [1

a1121 + a1or9 + ...+ a1ptn = b

+ aintn = b;

a;121 + ajore + ...+ @jpTn = bj

a;1x1 +apre + ...

<

4171 + ayoTo + ...

+ ATy = bj

+ @inZTn = b@

An1x1 + GpoTo + ...

al] alo ...
a;1 a;pQ .- -

jl aj2

+ apnTn = by

a;1x] + apre + ...

Pivoting

Ly bi
T b,
Tn by,

16

An1T1 + apoTo + ...+ AGpnTn = by
ai] aig ... Qin fv1\ 61\
a1 ajo ... Ay x; b;
i1 Qi ... Qi .CCJ b7,
Apl Gp2 ... Unn Tn bn



® Augmented Matrix

r1+ 1wy +x3 = 11 1 9 6
221 — 229+ 13 =1 2-21 3 1

Augmented matrix

04 —15 11 16 111 6
11 1 6|m|04 —15|mp|04—-135
2-2 11 2 -2 1 1 00 —2 —6
1001 111 6
0102 | — 04 —15
0013 Gauss—-Jordan 00 1 3

Elimination

17



3. Pivoting
3.1 Round-off error

0.003000x, +59.14x, =59.17
5.291x, —6.130x, = 46.78

o 2| 2ZHAIS GHE Gaussian Elimination 22 FGHAIL
Solve the above equations using Gaussian Elimination
(Answer: x1 = 10.00, x> = 1.000)

ofel @F0 et = =8¢l U =5 <AE seth

Eventual way to reduce the error is to increase the significant figures.

3.2 Partial/Scaled partial pivoting

& =5 A0l 2[=ot)| A,
K e

Pivot element 2 2t A2 oY UM JIE 22 =2 SISt

o

Before increasing the significant figures,
choose the largest number as the Pivot element.

BIHHO 2 GIAIL (Partial Pivoting)

2+
=

i
o

H

Ol

o IS y=AQ

5.291x, —6.130x, = 46.78
0.003000x, +59.14x, =59.17

o [Is YHAS HE FotA2

30.00x, +591400x, = 591700
5.291x, —6.130x, =46.78

=& HoM JtE 2 =2 normalization £ ot & =
Partial pivoting & #=&8tCt. (Scaled partial pivoting)
Normalize the coefficient values using the largest value in each line

and perform the Partial pivoting.
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SUB Gauss (a, b, n, x, tol, er)
DIMENSION s(n)
er=20
DOi=1,n
S(i) = ABS(a(i,1))
DOj=2,n
IF ABS(a(i,j)) > s(i) THEN S(i) = ABS(a(i,j))
END DO
END DO
CALL Eliminate (a, s, n, b, tol, er)
IFer +# -1 THEN
CALL Substitute (a, n, b, x)
END IF
END Gauss

SUB Eliminate (a, s, n, b, tol, er)
DOk=1, n—-1
CALL Pivot (a, b, s, n, k)
IF ABS(a(k,k)/s(k)) < tol THEN
er=-1
EXIT DO
END IF
DO i=k+1,n
factor = a(i,k) / a(k,k)
DO j=k+1,n
a(i,j) = a(i,j) - factor » a(k,j)
END DO
b(i) = b(i) - factor * b(k)
END DO
END DO
IF ABS(a(k,k)/s(k)) < tol THEN er = —1
END Eliminate

19



SUB Pivot (a, b, s, n, k)

p=Kk
big = ABS(a(k,k)/s(k))
DO ii = k+1, n

dummy = ABS(a(ii,k)/s(ii))
IF dummy > big THEN
big = dummy
p =i
END IF
END DO
IFp + k THEN
DO jj=Kk, n
dummy = a(p.jj)
a(p.jj) = a(k,jj)
a(k,jj)= dummy
END DO
dummy = b(p)
b(p) = b(k)
b(k) = dummy
dummy = s(p)
s(p) = s(k)
s(k) = dummy
END IF
END Pivot

SUB Substitute (a, n, b, x)
X(n) = b(n) / aln,n)
DOi=n-1,1, -1
Sum =20
DO j=i+1,n
sum = sum + a(i,j) * x(j)
END DO
x(i) = (b(i) = sum) / a(i,i)
END DO
END Substitute

20



4. Linear Algebra

4.1 Matrix Inversion

When Operation ([A]) makes [I], the operation corresponds to [A]™’

e (2 LAHAO HE I HAS Soll FotAIL
4:15‘2—25‘3 = 5 1 1 1 6
1+ xo+x3 = 6 0 4 —195
201 —2x0 +x3 = 1 2 —2 1 1

Use an augmented matrix

11 110 0 P10 o 10 s/4[1 -1/4 0

0 4 10 1 om0 1 -U/40 1/4 0| m |0 1 -1/40 1/4 0

2 2 1)0 0 1 0 -4 -1]2 0 1 00 1|1 <05 -05
! g

025 0375 0.625 (1 0 0-025 0375 0.625

025 0125 —0.125| e MaA Fo y o005 0125 —0.125

I 05 05 001 1 -05 -05

Oper ([A]) < Oper ([1]) =) [1] < [B] = [B][I]

=

[A]IE [I]2 HIE2 operation [B]l= [A]Q] H& Q|

o=

[B] that changed [A] into [I] is nothing but the inverse of [A].

[B] = [A]

21



4.2 Special Matrices

S0l CHolt oHE & M.

For [AH{X}-{B}=0

I [UH{X}-{D}=0 [Ul=] 0 uy uy,
0 0 uy,
1 0 O
[L{ [UI{X} - {D} } = [A}{X}-{B} =1, 1 o
iy 1y 1
[L]{D} = {B}

1]
R
== ]
i)

[4] {x}
{a) Decomposition 3 I

o] [£]
~ }

§ '+ (k) Forward

l 8 * Substitution

~ (¢) Backward

22



ay dp A (X b,
Ay Ay Ay X, 0=1D,
a3 Az diz || X3 b,
ay 4 4 ay 4 a4
. o , '
Gaussian Elimination a, a,, a,|—>| 0 d, ady
1
Q3 Az Ay 0 0 dy
ay as a's,
Set = fu =.f31 , :fsz
ap ap a
' —
a'y,=a, - f,%a,
' —
a'y,=a, — fr xa;
1 0 O a, a, a;
[L]: fu 10 [U]: 0 d, dy
1
Sa Jfn o1 0 0 d'y
1 0 Ofa, a, ag ap a; a;
[L][U]: Su 1 000 dy ady|=|/fua fua,+dy fh-a;+ady,
fi fo 1l0 0 ay
a4y dg
=4y Ay Ay :[A]
a3 Az dy
a4, 4
&Ml programming Al 72 M &: fu ay d'y
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301 -02](x) [785
Example) 0.1 7 -0.3 X, = -19.3
03 —-02 10 ||x, 71.4

fo =%=0.0333333 £ =%=0.1ooooo
-0.19
= =-0.0271300
S 7.00333

3 -0.1 ~0.2
[U]={0 7.00333 -0.293333

0 0 10.0120
[L]{D} = {B}

1 0 0](d, 7.85
0.0333333 1 0Rd,=4-193
0.100000 —0.0271300 1||d, 714

. 7.85
di=b,-—za,-,~dj {D}={-19.5617
/=1 70.0843
[UI{X} = {D}
3 0.1 -02 [~ 7.85
0 7.00333 —0.293333 {x, r =4-19.5617
0 0 10.0120 || x, 70.0843

dl.—Zal.jxj 3

X, = S {X}=1 =25
i 7.00003
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5. lterative Methods

5.1 Jacobi and Gauss—Seidel Methods

[A] {X}=1{B}

2 b —ayx;, —apx;

i |
Xy + a0 +a:X; = %
b, — — .. X
@ + @, X, +ax, =B _AhTayy a5
s
-3 T X T =0,
s | s 33
3 3 3 3 . b} — {131_‘1:1 _ajlez
Ji:; —
sy
k k-1
XY =T X"V +C zpz gwnng 1z 5 v=
1B HEAMUANS DEE BIS8 (Fixed Point lteration) 2t S AtotH
CtESlt &2 =8 X2AH=2 D=0l 0F stlt.
n
a;| > Z‘aij‘
j=1
i
F A2 82 A SELAH0/H EE2HS OFLICH
FIE 2t=ote AIAES diagonally dominant system Olctd GH=U
U2 23 2HS0l 010 sHEEHLE.
First Iterafion
xi = (e — ayzxz — avpxal/o =[c| — aiz%e — ayaxal/on
? = [ep — aaix) — ozaxal/am Xz|= [e3 — ooy — azaxsl o
X3 = [C3 — 031X — O3ax2)/ a3 =[cz — agpq — azaxol/ oa3
L Second Interation
x=lo — ajpe — 013%3}/011 X1 = o1 — oy — avaxal/any
2= {e2 — az1X1 — opaxal/ a2 xo= ey — a1 — apaxal/ oz
x3=lc3 — ox — 032}(2]/035 x3=|c3 = azpg — a3}/ 05
o} (bl
2k 11.4
KM O BIEALS B2 TS| Bt (a) Gauss-Seidel B2t (b) Jacobi HHSHE Afo[o] Afo|Eof

st TAIN A
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5.2 SOR method

0 ~ZAHZE SMAII Fet SE2Z Gauss-Seidel EH=S Sl
22 HE USsS B0 &8 ASoHA £ 0l BtE A M
A2 AW IJIE T2t (weighted average)S F &HCY.

X' =Ax "+ (1= 1) x

A 0-2 AMOIQ gt JHEICH AJF 10/ G-S &0l ol &stit.
0-1 ALOl gt2 JI& M= under—relaxation, 1-2 AtO| gt2 Jt&
H= over-relaxation &£= Successive Over—Relaxation (SOR)
Olet) stCt.
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JHel MAHIE (Homework)
® (Gauss—Jordan 8oz AHHE S Aol T2 )8 S 2H0IAIL
H O HE HESHA (ME =D 2AHS T2 s 0|2,

LAHAC oHE FotAIL.
Write a code that gives an inverse matrix of an arbitrarily given matrix, using a

Gauss-Jordan method.
Generate examples of linear equation system and solve them using the code.

XIS Solf, s T2 18 0| Scaled Partial Pivoting 2 42X 9=
sl = B2 &olg A

Use an input file, instead of typing all the numbers in an interactive mode.
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