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Temperature °C

Diffusional Reactions — binary & multicomponent systems
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Multicomponent Diffusion

Darken’s uphill diffusion Diffusion between multiphase layers
B.-J. Lee, J. Phase Equilibria 22, 241 (2001). A. Engstrom, Scand. J. Metall. 24, 12 (1995).
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Definition

Homogenization phenomena by non-convective mass transport due to chemical potential or

electrochemical potential difference in a multicomponent single phase

[> Linear rate law : Phenomenological eq.
result = A - cause

- Fourter’s law of heat conduction
g= —K-vT

- Fick’s law of diffusion
J=-D-vC

Ohm's law of electrical conduction

J= —0-V¢

- Newton’s law of viscous flow

du,
ay

ij) = —p*

= for isotropic cases & for small deviation from equilibrium and with only direct effect

= for Non-isotropic cases

—l

J = —[Dy vC
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General Phenomenological Equation

> J; = —D; VC; + D; (VC)? + D (VC)? +

= Firgt term approximation near thermodynamic equilibritm

[> General Phenomenological Equation

= Direct effect ! mass transport due to concentration gradient

= (Cross effect :
~ thermomigration
- electromigration

~ thermoelectricity
~ pyroelectricity, piezoelectricity
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Fick’s 15t law

> Fick’'s 1st law

aC,;
dx

unit of D : em® sec

]z'=_Dz'

> Order of D
- metal
- semiconductor
- hquud
- gas
- oxide

D = 10° ecmP/sec near T
D = 107"

D= 10" "~ 107

D= 10"

It

anion (<) D. = 10° ~ 107"
cation (+) D. = 10° ~ 10* x D.

POSTECH

Byeong-Joo Lee
www.postech.ac.kr/~calphad



Fick’s 2nd law

[> Fick’s 2nd law

L ca—--¢ T naa-—-[v-Ta

- continuity equation

%=— v-J
J=-Dvc = £ - v.(DvO
if D = D(C) =>BT§=DVZC

- 1if 3 source or sink

L caw——[Tdo+ [ qga

= STC; = - v-J+ g
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More about Diffusion Coefficient — Thermal Activation

As a thermally activated process

|-

of Ny Iy = Zzvexp

D, = lazzu exp AS, exp — Al
5 6 = RT
D — D ex _—D
B B0 D /q7_

for interstitial diffusion @, = A//,, ~ How about for substitutional diffusion?
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Steady State Solution of Diffusion

> Steady state

3—3: = { = = constant

g
= D= - 3¢5

¥ D can be determined by measuring C and C gradient

[> Steady state solution

v (DVvV0O =90
if D # DO = D VIC = ( : Laplace Eq.

- for 1-dim. case

- Cartesian D% = {); C= A+ Bzx
o dC Ld_C_)_ . _
Cylindrical D( . + ol 0; C= A+ Bhvr
: dC Ld_C) _ _ B
- Spherical D( 0 t A= 0 C = A + "
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Non-Steady State Solution of Diffusion

Non-Steady State Solution

; steady state solution form as  — <

- Error-fn. form : Superposition
~. Short time solution
~. Initial stage of diffusion (§/L << 1)

- Trigonometric-series sol. : Separation of variable
~-. Long time solution
~-. Late stage of diffusion

- Boltzman-Matano Analysis

pas TEE H Byeong-Joo Lee
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Non-Steady State Solution of Diffusion - Superposition Principle

(] Superposition Principle

> Thin film source (planar source)

2
source, M Cx|>0, +=0) = 0
Clx=0, t=0) = o

0

A C(|x|—00, £ =
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Non-Steady State Solution of Diffusion - Superposition Principle

- Layer Deposition

- Line source

- Point source
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Non-Steady State Solution of Diffusion — Application of Superposition Principle

¥ Application - Measurement of D’

2
Qx4 = \/frDt e"p(_ﬁ)
Iy £ = = 2 &y
4Dt v 4dxDt

InC

slope = ~1/4Dt
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Non-Steady State Solution of Diffusion — Leak Test & Error Function

# Leak Test
. reflection at the boundary in the case of finite dimension and long time

¥ Error function

af?) = F= [TeT

erf) =0
2ij(x,t) dx - grflo) = 1
R = J,ioa:c(x’ﬂ . should be << 1 X ﬁff(-z) - '_Ef:f(Z}
erfiz) = z (z < 06)
J:Oe —x*f4De dr me \/7(/2 2@

- for error range of 0.1%

%o

erfc (m) << 0.001 — o Dr >~ 2.5
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Non-Steady State Solution of Diffusion — Semi-Infinite Source

|

[> Semi-infinit (diffusi le) = dxbH = ic = fm Cq (—(x_—a’)z
emi-Infinite source sion couple X, = - g = 0 m EXp 4D,’f
A
c
ac a*c x—a — — 9y
G . ar - D At set \/4_Df = n do = 2y Dt dT]

Cx>0, t=0) = G
Cx<0, t=0) = 0 c

0 Q) = -2 [ e "a

S
- consider superposition of infinite number bf thin film at ¢ < x < Co 0 o x/2V Dt .
- for i~th thin #lm =ﬁ{f_me ”dzy—kj; e"d:y}
c _ Co { 9 x/2V Dt g }
-g?""-Aur, -------- 2 1 + V_W—J:] ¢ dv
C, da {x—a)?
7 C, = 77— exp(* )
— g Vv dzDt 4Dt
d; /|
> Co
x /
J Co/2
Clx, ) = &{1+eﬁf( =)
’ 2 2V Dt
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Non-Steady State Solution of Diffusion — Semi-Infinite Source

¥ Diffusion out process

A

Co

aC _ a:C

at D dx?

CG>0, t=0) = G,

C(x<0, t=0) = 0

0 2 (<0, £0) = 0

_ X
C(x, D C, erf ( 2@)
¥ Carburization

ac _ a*C

& ) at D dx®

Co CGS0, =0) = 0
Cx<0, =0) = G
Cx<0, £50) = G

P

0

Byeong-Joo Lee
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Non-Steady State Solution of Diffusion — Semi-Infinite Source

¥ Generally

Cx, ) = A + Ben‘(z\/%t)

A, B determined from initial condition

4 G

>0, £20) = G
C(x<0, FO) = Co
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Non-Steady State Solution of Diffusion — Semi-Infinite Source

3% Other roethods for carburieation

&

G

H“,

D

l.setys—‘?-:
8C _ (8CY {8\ _ _3 (IC
% - (% (@ -5

- -5 )

F = D37 T
abev =G -y e=2(§) = -gr-0(f) + -fa-
Oxsd, 0 =G p=%J_C}=Aw(__i%]
o= o)
- Gm A )
FC _ 1 {¥FC set 32=% &= HDa
5 -1 (%

—m
C-C=2DA [en(-Bd = DA [ eo(-2) &

for 4 =

- G- G=22DA [em(-BD A= VDA

- A= (C,-CYvaD
C-C _ g (#F

'm=jr;l_[; eam(—azld%=erf(-—27’-ﬁ]
c- G,

“ o= = 1 - fgm)
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Non-Steady State Solution of Diffusion — Semi-Infinite Source

¥ Application

for a constant C

_ X1 _ X2 X3
YT 2y Dy 2/ D, 2/ Dt
-y = (477, erfly) = 050
c-cC,

for Cs—co = 0.5,

X

2y Dt

= diffusion distance, x =

y = 0.477 =

D¢

X

ex) carburization, at 1000 °C for 1 hr.

3%10~7 em%/sec

v Dt

0.033 em =
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Non-Steady State Solution of Diffusion — Semi-Infinite Source

3% Other methods for diffusion couple

A

J/élm

Co

- Fourier transformation

Flk,D = fmmcu, D o™ dy

Clx, D

b [k o a

v

2
% - 058
Cx>0, =0) = G
Cx<0, =0) = G
Clx=0, ) =G
==, 1) = G

T N e

o s g o=

' Lafr'_a = %[%fwm,:) e a&] - .Elif”&ﬁ'(ﬁ.ﬁ ek g

D 32511.9 = 4 [ -DE AbH e

) GQE-}!Z = —DEF(A B ﬂ‘t = —Dit g
< FlA B = Ae ™

Ao = 4= [[rne*a = [Gea+ [ G

A= [ Feb e

N — L0, —idx
2% f;Ae e

= ‘%EJ:. e 4 pitx gp [j:c; e gy + f“C,,e“"ah’]

. "IZ'LEI:, e M g g ‘CC, e g

- G [uf e

- %fajl e 2 ETD 4

5 %Kwﬁ Rt -
- w(ELH #

- SfE v J':'_zhe-"aﬂ

-G E e (Terd

- hr HfTerd
= Lme"' “*]

Gt+6 G-C
2

x
+ 5 e?ﬂm }

=G + —C‘-?__—C‘! (1 + erﬂ—zfﬁ}]
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Determination of Diffusivity — Grube method

1. Grube method
when D = constant

0.2&11 0 Jc>

given values
Cs = 50 %
Co = 40 %
t = 40 hrs = 144000 sec
at x = - 02cm, C = 425%

S 1+ etgipy)

0.425 = 0.4 + {05°00

Cx,H) = C, +

- (1 + eﬁﬂﬁ))

x — p—
en‘( 2@) = 0.5

ZV%r —0.477

D = 3.04x1077 em%sec
> average value of the diffusivity for the mnterval

POSTECH
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Determination of Diffusivity — Boltzmann-Matano

2. Boltzmann-Matano Method
- when D # constant

set y = ~F
5 - (55 (%)
5 - 53
5 - () (3
L8 1 (320)
dx* 4 ay*
_»C _ 4D  4C
2 dy dy dy
- (o)

2 ay
ac _ _1¢(¢
Do = szoydC
_ 1 39y ¢
D=-3°'3¢ fcaydc
__1  ox (€
D=—%;"%c ), *d
ac
dx
7

I

W 0 x

Byeong-Joo Lee
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Non-Steady State Solution of Diffusion — Separation of Variable

2.

O Separation of Variable e 2 B, sinig e — 8 5. . .
—C(‘L—)- = D—= 82C - by Orthogonality Theorem
da?
! Ox,0) = 2 B, sm—lx = #(x)

B f(smﬂx)zdx = f (%) sm#xdx = B, & 2

- Cx,f) = X(x)- TH

DLT% =%%—Zé = 3 B, = % fqi(x sin zxdx
S ) = C,
dT i
Eﬁ'ﬂzDT:ﬂ ; Y = ™2 B, = 2Cfsm—xdx— ﬁ[l*cosmz] = iﬁ; Fm=2+l
4X + 23X = : X(x) = A+ coshx + B- sinix ! [ )
df sin (s + m)x = sin nxcos mx+ cos nxsin mx
sin (n#— m)x = sin nxcos mx — cos nxsin mx
nh = 3 (A cosdg + Besindy) e . ; :
5 o & sin(n+ m)x+ sin(n— m)x= 2sin nxcos mx
- A, from BC p(x) sin (n+ m)x— sin(n— m)x= 2 cos nxsin mx

2. cos(n+ m)x= cos nxcos mx— sin nxsin mx

- Initial condition
cos (n — m)x= cos nxcos mex+ sin snxsin mx

Q0L t=0) = ¢(x)

" bymdary condiiin 0 : cos(n+ m)x+ cos(n— m)x=2cos nxcos mx
Ca=0,8) = - A= 8 .
cos (n+ m)x— cos(n— m)x=—2sin nxsin mx

Ox=1H =0 — Al = ux A, = T (n = 1,2,3,)

Byeong-Joo Lee
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Non-Steady State Solution of Diffusion — Separation of Variable

P G
\,_/ G CO<x<Lt=0) = 0

K j Cla=LH = C
0\ JI 2

»
L
X

- It is mmpossible to determine B, from initial condition (by orthogonality theorem)
— find steady state solution, V(x), and change the form of solution C(xt) as

= wx, D = i B, sind,x- e 4P
A, = HAE (= 1,2,3,-)

7
B, = % fo [— W] sin%xcﬂx

Cx, ) = wlx, ) + Wx V ! steady state
u=C—V 1 . nonsteady state
2 _
froma[2/=0 — V(x)=C1+£L—CLx
dx !
w(x, ) = Uxf) — W) &
w(0<x<L,t=0) = — Wx)
w(x<0,8 = 0 0
wlx=1H = (
g = = 4C,

4, & 1 e (21D 2
PI iy B

G
G =G c,
C=u+V
V= C,
i x=
_ it

POSTECH
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Non-Steady State Solution of Diffusion — Separation of Variable

¥ Impermeable Coating of one side

Co
N C0<x<,t=0) = C,
Cx=L,H = (
aC(x=0,8 _ 0
dx
0 L x’

- considering the case

C;)( \
x'=x-——z- ; x=x’+—z
2 ’ 2
L= 1 = 2L
2 y
0 !

Byeong-Joo Lee
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Non-Steady State Solution of Diffusion — Separation of Variable

¥ Accuracy of trigonometric infinite series

............ L)) i 1> 10V Dt
W clic, = erf(wxﬁ)
...... ) cIC, = erf (475
i) 1< 10V Dt
_ 4 . sin §2j+1!7rx_e——(21—-1)——'+5, °2 pe
z z'b (2}-1-1) /
. _ 80+ p,
- decay rate : R = l(JI_J!_tl}BtzrifaTm' o 1 #
- 1st term approximation
- py
clic, = 4 sn B .o F
41 . m P
P l2ndterm _ z3SMTL € _ 1
|Lst terwl iAo, g -T2 3
;Sln—l e

- for 0.1% accuracy

— 82Dt
z— < 0.003 = if I < 4/ Dt, 1st term approx. with 0.1% accuracy
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Non-Steady State Solution of Diffusion — Separation of Variable

¥ Average concentration

oH = szo"’ Cx, B d

_ 8C, ¢ 1 .
g )Zb (27+1)% €

1st term approximation for 7 < A Dt

_ %D
oy = e
= 850 .e—tfr

. relaxation time

_2i+1)%2% o,

_ 1
slope ¢

applicable to vacancy annihilation in metal,
with [ : grain size or inter dislocation distance
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Diffusion along High Diffusion Path — Grain Boundary Diffusion Model

m dC AR
J =—Lt _—_p =
LI b odx / %
Mg _ d_C Z 7 7
& 6Lt  dx
T Diffusion through film
(perpendicular to plane of film}
d L
. dC | ac
iy = =D, L dx Mo 20D L dx Dy 2
ic m, D, 72 d_C D, L
mgb = —2ng5LE dx
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Diffusion Simulation — Finite Difference Method

oC . Ci{l—l Il Cij—l
OxX 2 Ax

0°C _ Ci{LI B 2Cij T Cij—l
ox’ (Ax)*

oc C/"-C/
or At
P Ds TE EH wwwpostEZ:(;:g;izglpl;heaz




Diffusion Simulation — Finite Difference Method

2
oC’ D O C;
o7 OX
At<(Ax)2
2D

(At)
(Ax)®

C/*'=C/+D (C/, —2C/ +C.))

[+1
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Diffusion Simulation — Finite Difference Method

implicit integer (i-n)
implicit double precision (a-h,0-z)
dimension U(1000), UF(1000)

write(¥,'(a)',advance='NQ") ' Length of Simulation (micro-m) ?'
read(*,*) XL

write(¥,'(a)',advance="NQ") ' Initial Composition (U-fraction) ? '
read(*,*) Uini

write(¥*,'(a)',advance="NQ'") ' Boundary (Left-end) Composition ? '
read(*,*) U0

write(*,'(a)',advance="NO") ' Diffusion Coefficient (cm"2/sec) ?"'
read(*,*) D

write(¥*,'(a)',advance="NQ'") ' Reaction Time (sec) ?"'

read(*,*) Tend

write(*,'(a)',advance="NO'") ' number of grid ?'

read(*,*) n

D=1.d+08 *D

dx = XL / dble(n-1)
dt=0.25d0 * dx * dx /D
dtdx =D * dt / dx / dx

xiter = Tend / dt
nprnt = idint(xiter/10.d0)

initial condition

U = Uini
UF = Uini
time = 0.d0
iter=0

open(unit=1,file="result.exp',status="unknown')
write(1,'(a,f12.6)") '$ time ="', time
write(1,'(6.2,f12.6,a)") 0.d0, uf(1),' M'
doi=2,n

write(1,'(f6.2,f12.6)") dble(i-1)*dx, uf(i)
enddo

Boundary condition
u() =uo0
UF(1)=U0

U(nt+1) =U(n-1)

1iter =iter +1
time = time + dt
doi=2,n
uf(i) = u(i) + dtdx * (u(i+1) - 2.d0*u(i) + u(i-1) )
enddo
uf(n+1) = uf(n-1)

u=uf

if(mod(iter,nprnt) .eq. 0) then
write(1,'(a,f12.6)") '$ time =", time
write(1,'(f6.2,f12.6,a)") 0.d0, uf(1),' M'
doi=2,n
write(1,'(f6.2,f12.6)") dble(i-1)*dx, uf(i)
enddo
endif

if(time.lt.tend) goto 1
stop
end

POSTECH
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Diffusion Simulation — Finite Difference Method

.05 ' ' : : 0. . [

04 - - :
. B3 - 0. -
.82 A - 0. ~

b1l - - U

U | I | l v | | T {
B 20 40 S1%) 84 140 B ped%| 40 (1% g 1B
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Diffusion Coefficient — Inter Diffusion

Diffusion Coefficients
- Intrinsic, Inter (Chemical), Self, Tracer, Tracer Impurity Diffusion Coefficient

- Intrinsic diffusion coefficients are not measurable, but can be calculated using
Darken’s equation

[ Darken’s equation

[> with respect to some fixed reference plane

an
Ja = — Dy 5xA
Jg = — Dg 5;25 (ri : concentration of i)

]A+]B+JV=0

Difference between |Jal and |/fgl, thus the flux of vacancies causes a movement of the
reference plane (at a velocity, v)

- Jy=—J4s— Jg = n,v (n¢ @ # of total atoms per volume)
Agsume that molar volume of A and B is equal to each other.
(ne = pa + e = constant)

dN,
ax

B -Joo L
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v = (DA - DB}

(Ng @ mole fraction of A)




Diffusion Coefficient — Self/Tracer Diffusion

[] Self Diffusion Coefficient

D = NB‘DA + NA'D.B
Cu,Cu* Dy = Dg =D

D : constant

¥ determination of D : Grube method

[] Tracer Diffusion Coefficient

: NAu + NAu’ = 20%
Cu 80% @ Cu 80% Danw = D'ay = D(NauwtNauv*) = constant
Au 20% | Au 20% D'sau < Grube method

B -Joo L
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Diffusion Coefficient — Intrinsic Diffusion Coefficient

O Intrinsic Diffusion Coefficient

B B”A aNA
]A = — DA ax = DA ”’f ax
- 1ideal solution
. du RT N
Ly = GA + RT ]IlNA 1 3xA - TA é‘xA
D du
Jy == R?‘ "4 5;
. B a#A . s
= — 4 Mg —ax— (Ba : I'ﬂObﬂltY)
¥ Tracer Diffusion
- Non-ideal solution dn
Dy = By RT |1 + N, “rAsd
Uy = oGA + RT ]IINAYA -
= B% RT
dpty _ RT [ Ny + N aan’A] :
dx NA Ox A ox
_ 5N_4 alnTA BTA - BA
Ja = = BaRTn, —5.5|1 + Ny—y
diny Dy = Di[1+ N
. D, - B, RT[I v N, aNAA A A A N,

POSTECH
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Diffusion Coefficient — Inter Diffusion Coefficient

O Inter-diffusion Coefficient

D = NBDA + NADB

= Ny Dy |1 + Ny 33]?\;? + Ny Dy [1 + Np 6313,13
- Gibbs-Duhem Eg.
N, dig + Nydug =0 —= N, ﬁﬁ&j _ N, ;’gﬁ
dee; _ RT [1 L dhr
N, N, dInN,

dln din
— [l =+ JITE] = [l . W;"i] ; thermodynamic factor

D = (Ng DYy + N, DY [1 4 L2nry
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Diffusion Coefficient — Inter Diffusion

[> with respect to volume fixed frame,

71'5=]B+N3”rv= Jg — Ny (Js + Jp)

dn on
= — (NgDs + NuDp) —2 — = Tl
ex) / Distance of marker plane from Matano plane : 0.01 cm
/K ......... Annealing time : 18000 sec
on marker plane : Na = 065 N = 0.35
D = 5.5 x 10~% cmb/sec
/ Vs~ g e
%
_ X _ 0.01 _ -7
v = 57 Tx18000 2.78x10 77 cm/sec
55 10 = 0.35 Da + 0.65 Dg

2.78x107" = 244 (Ds - Dg)
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Diffusion Coefficient — Modeling

* Inter-diffusion Coefficient in a binary alloy
— linked to intrinsic diffusion by the Darken'’s relation

D=(N,D,+N ,D,)|1+ B
s ew oyl 4]

« Intrinsic diffusion Coefficient
— composed of mobility term (Tracer Diffusion) and thermodynamic factor

D, =1+ 107
dIn N,

* Tracer diffusion Coefficient - as a function of composition & temp.

D,(N,,T)=D}(N,) e %Ws)

D; (N, =0) : tracer impurity diffusion coefficient D; (NB ~0) = Dzself
D’ (N, = 0) : self-diffusion of A in the given structure
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Diffusion Coefficient — Modeling

* Linear composition dependence of Qg in a composition range N; ~ N,

n n n n
ON)=0(——N,+——N))=——0,+——0,
n,+n, n,+n, n,+n, n,+n,
» assuming composition independent D°
n n

N n, n, v {”1“‘1’12 1+n1+2n2Q2}/RT , M , ™

DB Nl + N2 :DB ‘e ZDN1”1+”2 'DN2"1+”2
n, +I’l2 n, -I-I’l2

% Tracer diffusion Coefficient at an intermediate composition
Is a geometrical mean of those at both ends - from experiments

> the same for the D ¢ term

D* (N T) _ elan(NB) .e_QB(NB)/RT _ ng(NB) .e_QB(NB)/RT
B B>

% Both Q° & Q are modeled as a linear function of composition
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Moving Boundary Problem — Basic Equation

i
CR’L
Cy 8

concentration
concentration

distance distance

vy Ot R = g — g R de JR/L _ JLR

~ ~R/L _ (L/R
— v (le/L_le/R) dt C/ C/
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Binary Diffusion

Weight Percent Nickel

- - W w9 4 i Ly 80 hd %0
a°c
1800 = E
1488%¢C
1400 E
1385
3 (i)
2 1z00 E
a
is
& 1000 E
E
&
560.452
800-] E
[/@gs%
800 « i
Z) Z .
(A1) 5 ] +—AINig
i 10 % % 40 5 &0 70 B0 80 130
Al Atomic Percent Nickel Ni
| — 1 1
1.0 a 1.0 b i
0.9+ ! 0.9 i
0.8+ - 0.8 -
0.7 4 - 0.7 L
—
0.6 — B 0.6 + L
NizAly ' NiAl,

2 05- NiAl - 2 05 N ~
0.4 ‘ - 0.4 - 5
0.3 - 0.3+ -

I NiAl «NAl
0.2 - 0.2 4 -
0.1- | - 0.1- | -
;‘ | ) i \ (Ni)
0 T T I 0 T T
0 50 100 150 0 50 100 150

Fig. 7. Simulated composition profile of Al (a) after aluminizing of Ni for 14400s at 870°C and (b) after continued homogenization for

distance from the surface, um

22500s at the same temperature,

distance from the surface, pm

250 1 [l L | 1
Hickl and Heckel, 8'_IO°C (1975)
o NLAL, dun:ng alumnlziqg .
ONGAL, during homogonization
200 -4 @ NiAl during homogenization

o-vlll
0.2 4 6 8

E3 time, second
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Modeling of Multi-Component Diffusion - Basic Assumption

V.=V for k € S (substitutional)

V.=0 fork ¢ S
V, = kak:VSZ'xk
k=1 keS
Co=b =S Vy=u, IV,
cT Y _ZX s = U Vs
o e U, =X /Zx.
jeSs k k J

jes

Byeong-Joo Lee
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Modeling of Multi-Component Diffusion - Reference Frame

Zn:Vka =0
k=1

> J =0

keS

Je=Ji—u, ) J
S
POSTECH o posta e e




Mathematical Formalism of Multi-Component Diffusion Coefficient

[] Mathematical formalism of the multicomponent diffusion coefficients

Ji = — Ly
_ 2 duy _ . du;
= Ey ; ac, VC}- = Zf: [L,-auf Vel VC}-
n=n for substitutional solution
n=ntl for interstitial solution (including vacancy)

+ translation to guarantee the number fixed frame wrt. substitutional atoms

Jo = Ty — ukigs-fz' = ;Safkji - ;Sukji = 2 (8s — up J;

=8

B s du;
= ; [ z‘gs (8a ) Liau;- Vs 1 v
L; = t; Yo My

2, = vy, My, Vs for substitutional i

Q, = My Vs for interstitial {

B -Joo L
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Mathematical Formalism of Multi-Component Diffusion Coefficient

So = — ﬁl [ZS (8, — uy) u; 2; 22‘ ] vC; for substitutional &
= e i
i Oy : ..
J, = — 21 2, vy, 2, IR 1 v(, for interstitial &
i= i

for each sublattice (normal lattice & interstitial site}
2VvC; =0
i

# Omne can remove vV, term where j means solvent atom in the substitutional

sublattice and vacancy in the interstitial sublattice.

n—1
D= 3 {8, — g % 8, ( Ou; _ 3#5) for substitutional k
K s B s o au;’ aun
du du
N = My Yo &2 ( E_ Jl*) for interstitial k
b 2 Ve S \"9u. " Bu,

Byeong-Joo Lee
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Mathematical Formalism - Application to Binary and Ternary Solutions

] Application to binary and ternary solutions

[> Application to an Fe-M substitutional binary solution

du du du du
— .Q M M _ .Q Fe Fe vc
Ju [Vre Y1r L € 3y, aype) Vit Yre Qe ( 34 Vg, )] M
dy dy
= — [ Ypo ¥y @y dyj: — Yy Vr Lp, dy;e 1 vCy
diny,,
= = | Ve, Qu RT + vy Qp, RT]1 QA + W) vCy
M
% for an Fe-M-M’ ternary system
using the relations ! V(g =0
VOu tVGu*x=0
Sy = Sy
one can derive

Pas TEE H Byeong-Joo Lee
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Mathematical Formalism - Application to Binary and Ternary Solutions

ou Oy
o= 4,y Q ( 2 k) for interstitial k
&) 2 Vo } ] 53@ au”

> Application to the Fe~-C interstitial binary solution

oy )7
Je = — ycyVan(ayE - ayvi) vCe,

dp
= — ¥V ¥w 8¢ dv, vCe

2¥cY v

— . -4,
Qc RT = 4.529 10 "expl —-L=222L10 - T) (007, -+ 147723y,)]

[J. Agren, Scripta Metall 20, 1507 (1986)]
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Mathematical Formalism - Application to Binary and Ternary Solutions

Smithells Metals Reference Book, 1992

0-0.2 1.0 226.1 — 1073-1373  1la(i) 38
Very little variation of D with ¢

Be H
23%x1077 18.42 — 473-1273 IIlb 86
Be Mg
O-sol. limit 8.06 157.0 — 773-873 IHa(i) 212
Bi Pb
0-2.0 0.018 77.0 — 493-558 [Ta(i) 39
C Co ;
8.72x1073 149.3 — 723-1073  Mafi), pc. 158
~0.1-0 0.31 153.7 — 1073-1673  Ilfa(i) 216
C Co Fe
78.5 0.472 157.0 —_ 1123-1373 2
0.48 89.4 0.442 157.0 = 11231385 § THRG) 4
0 0.04+008¢ 1313
0-0.7 58 0.044+008 ¢ 1277 .
(wt.%) 106 { 7 Yoo3+01c 1252 1E-1as Tty =
20.2 003+006c 1208
{c=wt.%C)
C Fe
0-0.1 (o) 394x 1077 802 — 313-623 Various 215
y-range D=4.53x 107 (L +y,(1—,)8339.9/TTexp [ — (T ! —2.221 x 12~ * x 17767 —26436,)]
Ye=x/(1—x.), x,==mol fraction of C 42
a-range Log D= —0.9064 —0.5199y + 1.61 x 10~ 3y? 233-1140 Combined 40
x=10%T data, several
sources
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Mathematical Formalism - Application to Binary and Ternary Solutions

-8.00

~9.25 | o ' ! John Agren, Scripta Metallurgica 20,
L 1507-10 (1986).

L0G € D M2/5 )

%] .Bé .Bg .06 .08 2.10
ATOMIC FRACTION CARBON

_ , -4 2 -1
De = 4.53-10 7(1+yc{1-y¢)8—33-$—§-}exp{-{% - 2.2214107 ) (17767 - y26436)} n's

Pas TEE H Byeong-Joo Lee
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Mathematical Formalism - Application to Binary and Ternary Solutions

> Application to the Fe-M-C interstitial ternary solution

Oy Ou Ou ou
Jo = =3¢ Vv 2L 83}5 - ay;)vcc — Ve Vw L2c 831; - 33);; IVCy
o ay7 Optp, Otg,
Ju = — [3p v 234 c?yCM_ ay;z)_yM Vre Lpl ayz - 53,; )] vCe,
d %, d %,
_ [,’}’Fe Yy QM( af’;ﬁ _ #M)_yM Py -QFe{ Hrpe OHp )] VCM

3V re vy  O¥g,
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Multi-Component Diffusion Simulation - for C in Fe-C-M ternary system

J.=-D.,.VC.—-D.,,VC,,

au,. ou au,. ou
Jo=—u.y,, M a[ < - CjVVC —u.y,, M a( - —<\V,VC
C CoV CV ﬁ/lc @Va S C CoV CV OfuM d/lFe S M
Ve +y,, =1 Vee t Yy =1
dpi dp
J % yaM a(_jVVC -V ya a(
C CSV CV dyc S C CSV ClV dyM
du. diic
Dy :yCyVaMCVa(ﬁJ Vs = YcvaM CVa( & j

Yum

d
{2 )
Ay e dyc Y dyy He
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Multi-Component Diffusion Simulation — Darken’s uphill diffusion

0.70
0.65 -
0.60 -
0.55-|
0.50 -
0.45 -
0.40 -
0.35 -
0.30 -
0.25 -

wi% Carb_on

o Darken

13Daysat T=1323 K -

0.20 -
-20

T T T | T
-5 10 -6 O 5 10 15 20

Distance, mm

Fe-3.851-C

and

Fe-C
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Multi-Component Diffusion Simulation — Darken’s uphill diffusion

010 | ] | |
0.09 - Wada et al. (1972) L
M1420K, a5 = 0.502  * 1270K, a. = 0.851
0.08 $1420K, a, = 0.308 Y 1270K, a. = 0.586 —
X1420K, a, =0.291  O1270K, a, = 0.346
0.07 ¥ 1420K, a, =0.121 ¥ 1270K, a, = 0.248 =
0.06 i n
O | =
2 0.05+

0.04
0.03
0.02
0.01

0+ T |

dy/dyg; = -0-233

dy./dyg =-0.13

T
0.08

0.10

wt% Carbon

| | 1 | | 1

0.70
0.65
0.60
0.55
0.50
0.45
0.40
0.35
0.30
0.25
0.20

® Darken

13DaysatT=1323 K -

-20

1 | | | 1
-15 -10 -5 0 5
Distance, mm

T T
10 15 20
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Multi-Component Diffusion Simulation — Darken’s uphill diffusion

0.8 I | | l l |

O Darken
Using Assessed Thermodynamic D ata

0.7 1

o0
O
0.6

0.5 4@

wit% Carbon

0.4 \
g%}

10 Days atT = 1323 K

0.3 -

0.2

I |
20 -15 -10 -5 0 5 10 15
Distance, mm

20

Fe-3.851-C

and

Fe-6.45Mn-C
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Multi-Component Diffusion Simulation — Darken’s uphill diffusion

0.10 ' '
0.09 - Wada et al. (1972) B
[01420K, a, = 0.228 X1273K, a, = 0.500
0.08 $1420K, a, =0.189 Y1273K, a, =0.296 —
X1420K, a, = 0.0995 ®1273K, a, = 0.089
0.07 V1420K, a_ = 0.0964 #1273K, a, =0.072 -
0.06 X =
X
-20.05 —
K
0.04
1
0.03 dy fdy,, =0.075 B
0.02 __W_
#
0.01 ¢ & —
0 T I !
0 0.05 0.10 0.15 0.20
yMn

wi% Carbon

0.8 :
® Darken
Using Isoactivity curves of Carbon
0.7 D IlD’ =0.185 |
Dzznlgccc = -065 Y
0.6 -
0.5+ -
0.4 -
0.3 -
10 Days atT = 1323 K
0.2 T T T T T T T
-20 15 -10 -5 0 5 10 15 20

Distance, mm
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Multi-Component Diffusion Simulation — FDM approach for Fe-Si-C

0C ~
Eo= —V']kz 4 V(D;:]VC})

ot j=
0Ce 9C, 9Cs;
£ = 2 Dot + Despat]
Cs 9C, 0Cy
at - ax [DSzC a + DSiSz' ax ]

oc;  CT - C

ot 4t

8 acz o z+1+D Cz+1 Ci_ Dz'+Di—1 CJ i 1]
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Moving Boundary Problem — Basic Equation

CR’L
Cy 8
L
c c
2 S
[
* @
& (&)
o [ =
%) o
(]
F
LR
b aC
distance distance

vy Ot R = g — g R de JR/L _ JLR

~ ~R/L _ (L/R
— v (le/L_le/R) dt C/ C/
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Binary Diffusion

Weight Percent Nickel

- - W w9 4 i Ly 80 hd %0
a°c
1800 = E
1488%¢C
1400 E
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Fig. 7. Simulated composition profile of Al (a) after aluminizing of Ni for 14400s at 870°C and (b) after continued homogenization for

distance from the surface, um

22500s at the same temperature,

distance from the surface, pm

250 1 [l L | 1
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Application to Interfacial Reactions — Ti/Al,O; Reaction

Ti-Al-O, 1100°C
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Application to Interfacial Reactions — Ti/Al,O; Reaction

Ti-Al-O, 1100°C
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Multi-Component Diffusion Simulation — Case Study : Fe-Cr-Ni

O
X
=
10 - ® Hasebe, 1373K |-
M Falkeno, 1373K
5 & Schultz, 1366K |

X Diffusion couple

I | | T I | | |
0 5 10 15 20 25 30 35 40 45 50
wit% Ni

normalized thickness

Kajihara et al.
0.4 - A Diffusion Couple A
o Diffusion Couple B
0.2 - ¢ Diffusion Couple C =
M Diffusion Couple D

0

10"

LR R FILL) | ST LL | LI AL | LB SLALRLAEL L LELS 5
10° 10! 102 10° 10*

time, hours
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Multi-Component Diffusion Simulation — Case Study : Fe-Cr-Ni

40 | ] | ] |
(a)
38 Kajihara etal.
A1h
36 ® 10h =
<& 100h
34 - m1000h |
B2~ -
@
52 30+ —
= 8- -
26 ~
24 =
22 u
20 T T T | |

wt% Ni

40 | ] | ] | ]
(b)
Kajihara et al.
B A1h N
35 © 10h
< 100h

0 1000h

30 —
&
52 25 B
E
20 =
15 -
10 | | | T | | |
0 2 4 6 8 10 12 14 16
wit% Ni
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Multi-Component Diffusion Simulation — between Multi-Phase Layers

v i £ S -
{ {} ] A TR
iy | ¢ vy
= s i ”
P, %

'z

-~ ¥ PR -
— 5y T
« ‘V” zi}i)

Fig. 14. (a) Microstructure of couple k5-k7 after a diffusion anneal at
1100°C for 100 h. (b) Same as (a) but different scale.

2(JINE =Ty A+ 2Am"

'R/ L ' 'L/R '
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Multi-Component Diffusion Simulation — between Multi-Phase Layers
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Multi-Component Diffusion Simulation — between Multi-Phase Layers
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Further Readings
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