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Midterm
Regression -> Non-linear Equation System 

Data
• Gibbs Energy in pure Ps, Ks
• Enthalpy of Mixing in Liquid
• Activity of Ks in 1500K, Liquid
• Enthalpy of Formation in FCC, BCC
• Activity of Ps in BCC in 1100K
• Activity of Ks in FCC in 1100K

Value of 𝐿0, 𝐿1
Temperature-dependent 
Sub-regular Solution

Chemical Potential
• Liquid, FCC, BCC Phase
• Ps, Ks

Equation System
• 𝑋𝐿, 𝑋𝐹𝐶𝐶 , 𝑋𝐵𝐶𝐶 , Temperature
• 𝜇𝐿 = 𝜇𝐹𝐶𝐶 = 𝜇𝐵𝐶𝐶 of Ps, Ks
• “Triple Point”

Equation System
• 𝜇𝐿 = 𝜇𝐹𝐶𝐶
• 𝜇𝐹𝐶𝐶 = 𝜇𝐵𝐶𝐶
• 𝜇𝐿 = 𝜇𝐵𝐶𝐶
• Change of Temperature
• Binary System

Phase Diagram



Midterm
Thermodynamics

∆𝐻𝑚
𝐿

𝑋𝐾𝑠(1 − 𝑋𝐾𝑠)
= 𝐿0

0 + 𝐿1
0𝑋𝐾𝑠

𝑅𝑇(ln 𝑎𝐾𝑠 − ln𝑋𝐾𝑠)

(1 − 𝑋𝐾𝑠)
2 = 𝐿0 + 𝐿1 (2𝑋𝐾𝑠)

∆𝐻𝑓
𝐹𝐶𝐶 − ∆𝐺𝐾𝑠

𝐵𝐶𝐶→𝐹𝐶𝐶𝑋𝐾𝑠

𝑋𝐾𝑠(1 − 𝑋𝐾𝑠)
= 𝐿0

0 + 𝐿1
0𝑋𝐾𝑠

𝑅𝑇 ln 𝑎𝐾𝑠 − ln𝑋𝐾𝑠 − ∆𝐺𝐾𝑠
𝐵𝐶𝐶→𝐹𝐶𝐶

(1 − 𝑋𝐾𝑠)
2 = 𝐿0 + 𝐿1 (2𝑋𝐾𝑠)

∆𝐻𝑓
𝐵𝐶𝐶 − ∆𝐺𝑃𝑠

𝐹𝐶𝐶→𝐵𝐶𝐶(1 − 𝑋𝐾𝑠)

𝑋𝐾𝑠(1 − 𝑋𝐾𝑠)
= 𝐿0

0 + 𝐿1
0(1 − 𝑋𝐾𝑠)

𝑅𝑇 ln 𝑎𝐾𝑠 − ln(1 − 𝑋𝐾𝑠) − ∆𝐺𝑃𝑠
𝐹𝐶𝐶→𝐵𝐶𝐶

(𝑋𝐾𝑠)
2 = 𝐿0 + 𝐿1 (2(1 − 𝑋𝐾𝑠))

Liquid Phase
• Enthalpy of Mixing

• Activity of Ks in Liquid

FCC Phase
• Enthalpy of Formation

• Activity of Ks in Liquid

BCC Phase
• Enthalpy of Formation

• Activity of Ps in BCC

= (𝐿0 + 𝐿1 𝑋𝐾𝑠)𝑋𝑃𝑠𝑋𝐾𝑠

∆𝐻𝑚 = Ω𝑋𝑃𝑠𝑋𝐾𝑠

Enthalpy of Mixing

= 𝐿𝑋𝑃𝑠𝑋𝐾𝑠

𝐿0 = 𝐿0
0 + 𝐿0

′ 𝑇 𝐿1 = 𝐿1
0 + 𝐿1

1𝑇

(Regular)

(Sub-regular)



Midterm
Regression

Liquid Phase
• 14894.2 - 7.99137T + (-4794.9-0.0112334T) X

BCC Phase
• Sub-regular model -> X
• Regular Model
• 7000.89 − 6.65423T

FCC Phase
• 12597.6 − 4.99703T+

(−7199.98+0.0224905T)X



Midterm

BCC Phase

Chemical Potential

𝜇𝐾𝑠
𝐿 = ∆𝐺𝐾𝑠

𝐵𝐶𝐶→𝐿 + 𝑅𝑇 ln𝑋𝐾𝑠+(1 − 𝑋𝐾𝑠)
2 𝐿0

𝐿 + 2𝑋𝐾𝑠𝐿1
𝐿

𝜇𝑃𝑠
𝐿 = ∆𝐺𝑃𝑠

𝐹𝐶𝐶→𝐿 + 𝑅𝑇 ln(1 − 𝑋𝐾𝑠) + 𝑋𝐾𝑠
2 𝐿0

𝐿 + (2𝑋𝐾𝑠 −1)𝐿1
𝐿

𝜇𝐾𝑠
𝐹𝐶𝐶 = ∆𝐺𝐾𝑠

𝐵𝐶𝐶→𝐹𝐶𝐶 + 𝑅𝑇 ln𝑋𝐾𝑠+(1 − 𝑋𝐾𝑠)
2 𝐿0

𝐹𝐶𝐶 + 2𝑋𝐾𝑠𝐿1
𝐹𝐶𝐶

𝜇𝐾𝑠
𝐵𝐶𝐶 = 𝑅𝑇 ln𝑋𝐾𝑠+(1 − 𝑋𝐾𝑠)

2 𝐿0
𝐵𝐶𝐶 + 2𝑋𝐾𝑠𝐿1

𝐵𝐶𝐶

𝜇𝑃𝑠
𝐹𝐶𝐶 = 𝑅𝑇 ln(1 − 𝑋𝐾𝑠) + 𝑋𝐾𝑠

2 𝐿0
𝐹𝐶𝐶 + (2𝑋𝐾𝑠 −1)𝐿1

𝐹𝐶𝐶

𝜇𝑃𝑠
𝐵𝐶𝐶 = ∆𝐺𝑃𝑠

𝐹𝐶𝐶→𝐵𝐶𝐶 + 𝑅𝑇 ln(1 − 𝑋𝐾𝑠) + 𝑋𝐾𝑠
2 𝐿0

𝐵𝐶𝐶 + (2𝑋𝐾𝑠 −1)𝐿1
𝐵𝐶𝐶

FCC Phase

Liquid Phase

Reference State : Ks -> BCC
Ps -> FCC

Liquid - FCC

Newton’s 
Method

Liquid - BCC

𝜇𝑃𝑠
𝐿 − 𝜇𝑃𝑠

𝐹𝐶𝐶 = 0

𝜇𝐾𝑠
𝐿 − 𝜇𝐾𝑠

𝐹𝐶𝐶 = 0

𝜇𝐾𝑠
𝐹𝐶𝐶 − 𝜇𝐾𝑠

𝐵𝐶𝐶 = 0

𝜇𝐾𝑠
𝐹𝐶𝐶 − 𝜇𝐾𝑠

𝐵𝐶𝐶 = 0

𝜇𝐾𝑠
𝐿 − 𝜇𝐾𝑠

𝐵𝐶𝐶 = 0

𝜇𝑃𝑠
𝐿 − 𝜇𝑃𝑠

𝐵𝐶𝐶 = 0

FCC - BCC



Midterm

Phase Diagram
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Midterm

Chemical Potential

Triple Point

𝜇𝑃𝑠
𝐿 − 𝜇𝑃𝑠

𝐹𝐶𝐶 = 0

𝜇𝐾𝑠
𝐿 − 𝜇𝐾𝑠

𝐹𝐶𝐶 = 0

𝜇𝐾𝑠
𝐿 − 𝜇𝐾𝑠

𝐵𝐶𝐶 = 0

𝜇𝑃𝑠
𝐿 − 𝜇𝑃𝑠

𝐵𝐶𝐶 = 0

𝜇𝐾𝑠
𝐿 = 𝜇𝐾𝑠

𝐹𝐶𝐶 = 𝜇𝐾𝑠
𝐵𝐶𝐶

𝜇𝑃𝑠
𝐿 = 𝜇𝑃𝑠

𝐹𝐶𝐶 = 𝜇𝑃𝑠
𝐵𝐶𝐶

0.300249
0.785726

0.596403

1094.6766 K

X_liquid X_FCC X_BCC T

계산 값 0.596403 0.300249 0.785726 1094.67

실제 값 0.595539 0.299879 0.783978 1095.41

상대 오차 0.14508 % 0.12338 % 0.18470 % 0.06755 %



Midterm

Phase Diagram
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Midterm

Code
Chemical Potential

Newton Method

Jacobian



Midterm

반성할 점
• L 값을 계산한 뒤 대입하니 된다. 하지만 그래도 계산량이 많은지, Liquid – FCC와 Liquid – BCC를 한번에 못한다. (하

나씩 주석 처리하며 계산했다.)
• Newton’s Method에서 값이 나오지 않은 부분을 처리할 방법을 보충해야 한다. Cubic Spline도 나쁘지 않다고 생각.
• FCC와 FCC+BCC 사이의 선에서 오차가 발생했다.

Question & Answer

X_liquid X_FCC X_BCC T

계산 값 0.596403 0.300249 0.785726 1094.67

실제 값 0.595539 0.299879 0.783978 1095.41

상대 오차 0.14508 % 0.12338 % 0.18470 % 0.06755 %


